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Prentice Hall, 1989, ISBN-10: 0132000563

— v papirové podobé k dispozici v knihovné FIT, v elektronické podobé ji I1ze

najit na internetu, napf. na ebookee

Kapitoly

— Kapitola 4 - Sorting

» Zajimavé jsou pro nas strany 85-93. Popsané algoritmy pouze ty, které jsou ve slajdech.
— Kapitola 3 - Merging

» Kapitola popisuje Fadici algoritmy zaloZené na spojovani posloupnosti. Zajimavé jsou pro nas strany 59-
64. Popsané algoritmy pouze ty, které jsou ve slajdech.
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3. ANALYZA ALGORITMU
. Poéet procesori " 1’?“"’"’"“’“ e
— (p) potfebnych k FeSeni ulohy

sekvencni  konstantni

v zavislosti na velikosti instance n . alg.

rozumny nerozumny
pocet CPU  pocet CPU

. Cas Fedeni potfebny k Fedeni tlohy v jednotkach
(krocich) t(n)
- Cena paralelniho FeSeni: c(n) = p(n) . t(n)
— Algoritmus s optimalni cenou: ¢(n),pim = tseq(N)
- Zrychleni x Efektivnost
— Zrychlenits,(n) / t(n)
— Efektivnost ty4(n) / c(n)

<1 neoptimalni (pfida se rezie)
» =1 optimalni
» >1 ?

PRL 3
s . . N
4. RAZENI

o Mame posloupnost X = {x,, ... ,X,} S n prvky a
linearni usporadani >

« Cilem je vytvofit z prvku x; novou posloupnost
Y ={y4, ..., Y}, kde plati y, < y,,4, 1 =1, ... N-1

« V X nejsou zadné dva prvky rovny

« Optimalni sekvenéni algoritmus - plati pro radici
algoritmy zalozené na porovnavani prvku
- p(n)=1
— t(n) = O(n.log n)
— ¢(n) = 0O(n.log n)

PRL 4
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s B
4.1 Enumeration sort

- Princip: spravna pozice kazdého prvku ve vystupni
sefazené posloupnosti je dana poc¢tem prvku, které jsou
mensi nez tento prvek

- Topologie:
e n?2 procesoru je uspoiadano do mfizky n x n
e Procesory v kazdém Fadku i jsou propojeny do binarniho stromu, kde
P(i, j) je propojen s P(i, 2j) a P(i, 2j + 1)
e Procesory v kazdém sloupci j jsou propojeny do binarniho stromu, kde
P(i, j) je propojen s P(2i,j)a P(2i + 1, )
e 10 prvkd = 100 procesoru

« ldealni algoritmus pro paralelni zpracovani

- Vlastnosti: kazdy procesor
e Muze ulozit dva prvky do svych registrd A a B
e Muze porovnat A a B a uloZit vysledek do registru RANK

e Pomoci stromového propojeni mize predat obsah kteréhokoli registru
jinému procesoru

e Muze pricitat k registru RANK
PRL 5

Pt. 7 prvka

o

Predpokladame, Ze stromy
jsou uplné

(101 O
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4 N
Algoritmus

— 1) Kazdy prvek je porovnan se vSemi ostatnimi pomoci jedné
fady procesor(

— 2) Spravna pozice prvku je RANK(x;) = 1 + po¢et mensich prvkud

— 3) Kazdy prvek je zadan na spravné misto

1) for i=1 to n do in parallel
1.1) kazdy procesor P(i, j) v fadé i ziska x; a Xy
(i, j =1...n) a ulozi je do A(i, j) a B(i, Jj)

1.2) if B(i, j) < A(i, j) then RANK(i, j) =1
else RANK(i, j) =0
endif
endfor
2) for i = 1 to n do in parallel
2.1) obsah registrii RANK vSech procesorti v ¥adé i je sedten a
ulozZen do RANK(i, 1)
2.2) P(i, 1) spocte RANK(x;) jako RANK(i, 1) +=1
endfor
3) for i=1 to n do in parallel
if RANK(i, 1)=]j then x, je pfesunuto z A(i, j) do A(j, 1)
endif
endfor

Pr. x=1{9, 8, 10, 7, 6}, u prvniho sloupce pro
vSechny registry, u ostatnich jen RANK

N noRNuRof
—>0]4]6]
SOGEE @ @ O
S O O
f @] [
—{o 1[0 @@

L » A(,]) po skonceni vypoctu

(=] [=] [=]
=] [ [ [ =

L5 RANK(,]) po skonceni kroku 2

» RANK(,1) po skonceni kroku 1

PRL 8
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- Analyza kroku 1

— Prvek x, musi byt rozeslan vSem procesoriim v fadé i a ve sloupci j.
Pfiklad pro fadu i.

Procedure PROPAGATE (x1i)
(1) A(i, 1) = xi
(2) for k = 1 to ((log n) - 1) do
for j = 2% to 2¥-1 do in parallel -pocet procesort
A(i, 23) = A(L, J)
A(i, 23 + 1) = A(i, 3J)
endfor

endfor

- Tato procedura se slozitosti O(log n) je provadéna
paralelné pro vSechny fady. Podobna procedura se

stejnou sloZitosti slouzi pro Sifeni ve sloupci. Porovnani A
a B je v konstantnim Case. Slozitost kroku 1 je O(log n).

PRL 9

- Analyza kroku 2
Procedure SUM (i
for k = ((log n) - 1) downto 1 do
for j

= 2% to 2%-1 do in parallel - pocet procesoru
RANK (i, j) += RANK(i, 23j) + RANK(i, 2j+1
s¢itani na stromové strukture
endfor
endfor

- Coz Ize provest se slozitosti O(log n)

- Analyza kroku 3
— Procesor P(i, j) zasle x, do P(RANK(x;), 1)
» 1) P(i, 1) pomoci stromu pfeda RANK(i, 1) =j do P(i, j)
» 2) P(i, i) pomoci stromu ve sloupci i pfeda A(i, i), t.j. x; do P(j, i)
» 3) P(j, i) pfeda stromem v Fadé | hodnotu x; do P(j, 1)
— Kazdy z téchto krokl ma stejnou slozitost jako PROPAGATE.

Krok 3 ma stejnou slozitost O(log n)

PRL 10
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4 N
Pr. x= {9, 8, 10, 7, 6}, u prvniho sloupce pro
vSechny registry, u ostatnich jen RANK

9 V9 8 ¢10 7
* 0]
D E ey

[0
—OEE [ [
=0 @ [ O

L » A(,1) po skonceni vypoctu

(@)

L 5 RANK(,1) po skonceni kroku 2

» RANK(,1) po skonceni kroku 1

PRL 11

4 N
- Analyza
— t(n) = O(log n) p(n) =n2
— ¢(n) = 0O(n2. log n) coz neni optimalni
- Diskuse

e Algoritmus je extrémné rychly O(log n), coz znamena zrychleni
O(n) krat oproti optimalnimu sekvenénimu algoritmu.

e Zadny paralelni algoritmus pro rozumny vypo&etni model neni
rychlejs$i, bez ohledu na pocet procesoru

e Spotfebovava mnoho procesort - n? je na hranici pfijatelnosti

e Vstupni posloupnost nesmi obsahovat stejné prvky (navrhnéte
Upravu)

PRL 12
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\

Odd-even transposition sort

« Linearni pole n procesort p(n) =n

« Na pocatku kazdy procesor p; obsahuje jednu z fazenych
hodnot y;

« V prvnim kroku se kazdy lichy procesor p; spoji se svym
sousedem p,,; a porovnaji své hodnoty je-li y; >y;,4,
procesory vymeéni své hodnoty

« V druhém kroku se kazdy sudy procesor ...totéz...

- Po n krocich (maximalné) jsou hodnoty sefazeny

Algoritmus:
for k = 1 to [n/2] do
for i =1, 3, ..., 2.(n/2)-1 do in parallel
if y; > y;,; then y; © y;,; endif
endfor
for i =2, 4, ..., 2.((n-1)/2) do in parallel
if y; > y;,; then y; © y;,; endif
endfor

endfor
Pk 13

2]
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Analyza
« Kazdy z kroku (1) a (2)
4 % 1 provadi jedno porovnani a
] . Y dva pfenosy - konstantni ¢as
%{2 2K - Slozitost: t(n) = O(n)

6 I3 . Cena:c(n) =t(n).p(n) =
O(n) . n = O(n?) coz neni
optimalni
Algoritmus ma ¢asovou

1 sloZitost t(n) = O(n), coz je to

nejlepsi, ¢eho Ize pfi linearni
topologii dosahnout

~N AN bW

PRL 15

[ Odd-even merge sort )

. Radi se specialni siti procesor(
e Kazdy procesor ma dva vstupni a dva vystupni kanaly

e Kazdy procesor umi porovnat hodnoty na svych vstupech, mensi
da na vystup L(low), a vétsi da vystup H (high)

4y
- Sit 1x1 2x2

| —> e 1
. a c

L min(a, b) 2 " @

CE H max(a, b) \ L

> c2
bl L1 H .

b2 12
—> H c4

Sefazené posloupnosti {a1, a2}, {b1, b2} jsou spojeny do
sefazené posloupnosti {c1, c2, c3, c4}
PRL 16
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- VétSisité nxn
— Liché prvky {a,, a;, ..{b4, bs, ...} jsou spojeny siti n/2 x n/2 do
sekvence {d, d,, ds, ...} a podobné& sudé prvky do sekvence {e,,
€5y}
— Finalni sekvence {c,, c,, ...}
» Cq=d4
» Gy = min (dy, &)
» Cgisq = Max (diyq, €)

» Cop =€,
. Sitnxn: > cl
L F—— c2
—— c3
L ——> c4
— » c5
cZn
PRL 17
/ M
Razeni:
— Kaskadou siti 1x1, 2x2, 4x4, ...
1x1
2X2
1x1
4x4
1x1
2X2
1x1
PRL 18
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- Analyza
— Radime posloupnost o délce n=2m
1.faze potrebuje 2™ CE
2.faze potrebuje 2m2 siti 2x2 po 3 procesorech
3.faze 2m3 siti 4x4 po 9 procesorech
4 faze 2m4 siti po 25 procesorech
— atd.

. Casova slozitost
- t(n) = O(m?2) = O(log2n)

- Cena
— ¢(n)=0(n.log* n) coZ neni optimalni

PRL 19

Merge-splitting sort

« Linearni pole procesort p(n) <n

« Je variantou algoritmu lichy-sudy, kde kazdy procesor
obsahuje nékolik Cisel

« Porovnani a vyména je nahrazena operacemi merge-split

« Kazdy CPU se stara o vice prvku
Kazdy procesor obsahuje n/p Cisel
Po [ p/2iteracich (krok 1 a 2)

. . CPU 1 2 3 4
je posloupnost sefazena
12,9,10 11,7,4 3,6,2 1,8,5
pfedzpracovani i i
krok  9,10,12 4,711 2,3,6 1,538
@ 4,7j9 10,11,12  1,2,3 5,6,8
@ 4,7,9 1,2,3 10,11,12  5,6,8
@ 1,2,3 4,*,9 5,%,8 10,11, 12
@ 1,2,3 4,L5,6 7,%,9 10, 1¢1, 12

PRL 20
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(T : I
Algoritmus
for i = 1 to p do in parallel
procesor P, seradi svou posloupnost sekvencénim algoritmem
endfor
for k = 1 to [p/2] do
1) for i =1, 3, ..., 2.lp/2] do in parallel
spoj S; a S;,; do setfidéné sekvence S,’
S; = prvni polovina S;’
S;;; = druhd polovina S;’
endfor
2) for =2, 4, ... , Z.Lp/ZJ do in parallel
endfo.r. .
endfor
— Analyza
» predzpracovani optimalnim alg. O((n/p)log (n/p))
» prenos S, do P; O(n/p)
» spojeni §; a S;,, do S/’ optimalnim alg. 2.n/p
» prenos S, do P, O(n/p)
» krok 1 nebo 2 O(n/p)
t(n) = O[(n/p) log (n/p)]+O(n) = O((n log n)/p) + O(n)
c(n) = t(n).p = O(n.log n) + O(n.p)
coz je optimalni pro p <log n
PRL 21
4 . . N
Pipeline Merge sort
« Linearni pole procesort p(n) =log n + 1
« Data nejsou ulozena v procesorech, ale postupné do nich
vstupuji
« Kazdy procesor spojuje dvé sefazené posloupnosti délky
2i-2
1 2 4
8 oy
r=log n=3
Spojuje posloupnost délky
jedna do posloup. délky dveé
Oznaceni front :
Q2(i- 1l ———] P —— >
1
Qa(i-1)+] ——— ——— > Qi+t
PRL 22
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4 N

[4]6]718]

23

Analyza:

- Procesor P, zaCne, kdyZ ma na jednom vstupu
posloupnost délky 22 a na druhém 1, tedy zacne
2+2+1 cyklu po procesoru P,.

- P, tedy zaCne v cyklu

i-2
1+220+1=2-+j-1
=0
a skon¢i v cyklu (n-1) + 21 + i-1

- Algoritmus skonci za:

—n+2"+r-1=2n+log n -1 cykld, t(n) = O(n)

— ¢(n) = t(n).p(n) = O(n).(log n + 1) = O(n.log n)
coz je optimalni

PRL 24
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s ] ™
Enumeration sort

l | || I
i

Linearni pole n procesoru, doplnénych spole¢nou
sbérnici, schopnou pfenést v kazdém kroku
jednu hodnotu

- X - prvek Xx;

- Y, - postupné prvky x,...X,

- C, - pocet prvkl menSich nez x;
(t.j. kolikrat byl Y, < X))

- Z; - sefazeny prvek Y,

N < X O
N < X 0O
N < X O
N < X O

PRL 25

4 N

- Algoritmus:
— 1) VSechny registry C se nastavi na hodnotu 1
— 2) Nasledujici ¢innosti se opakuji 2n krat 1 <k <2n
e Pokud vstup neni vy€erpan, vstupni prvek x; se vlozi do X, (sbérnici) a do Y,
(linearnim spojenim) a obsah vSech registri Y se posune doprava

o Kazdy procesor s neprazdnymi registry X a 'Y je porovna, aje-li X >Y
inkrementuje C
e Je-li k> n (tj. po vy€erpani vstupu) procesor P, _, poSle sbérnici obsah svého
registru X procesoru Pg, ., ktery jej ulozi do svého registru Z
— 3) V nasledujicich n cyklech procesory posouvaji obsah svych
registrd Z doprava a procesor P, produkuje sefazenou
posloupnost

PRL 26
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19] 7] L 18] 18] 181
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1] 2] ] 1] 3] 2]
O L 7 > B | [{] F—~T1 —L 7] | O] —| [§] HEE
18] £l 7] 18] 18] 18]
LS LSS ) A% e A4S R Vi)
n
—b [7] | [9] | [8] F—[T 11 —5{ [ =1 [&] —1 [&] (718191
%] 3] [9] 8] [£] 3]
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Formalni algoritmus
//_ 1) for i = 1 to n do in parallel

c, =1
endfor
2) for k = 1 to 2n do
if k <n then h = 1 else h = k - n endif
for i = h to n do in parallel
if (X, nonempty and Y, nonempty) and X, > Y, then C, = C, + 1 endif]
endfor
for i = h ton - 1 do in parallel
if Y, nonempty then Y, , = Y, endif
endfor
if k < n then Y, = nextinput, X, = nextinput endif
if k > n then ey, = Xkﬂlendif
endfor
3) for k =1 ton
output = 7
for i = k to n-1 do in parallel
Zig = &y
endfor
endfor
- Analyza
— Krok 1) je v konstantnim ¢ase, krok 2) trva 2n cykll, krok 3) trva n cykla
- Hn)=0(M)
— ¢(n) =t(n).p(n) = O(n).n = O(n2), coz neni optimalni
- Poznamky
» Vypocet slozitosti plati pouze za predpokladu, Ze pfenos hodnoty sbérnici trva konstantni

dobu bez ohledu na fyzickou vzdalenost procesoru
PRL . . - PR

28
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e L. ) N
Minimum Extraction sort

Strom s n listy, (log n) + 1
urovnémi a 2n-1 procesory

Kazdy listovy procesor obsahuje
jeden fazeny prvek

« Kazdy nelistovy procesor umi
porovnat dva prvky

- Algoritmus:
— Kazdy list obsahuje jeden prvek
— Kazdy nelistovy procesor porovna hodnoty svych dvou synt a
mensi z nich posle svému otci po (log n) + 1 krocich se minimalni
prvek dostane do kofenového procesoru

— Kazdym dalSim krokem se ziska dalSi nejmensi prvek

PRL 29

O LTI ITT]
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- Algoritmus

1) for all leafs do in parallel
processor reads one element
end for
2) for i=1 to 2n+(log n)-1 do
for all nonleafs do in parallel
if root and nonempty then output number
else if nonempty then nothing
else {i.e. empty nonleaf}
if children empty then nothing
else
if one child empty then get number from child
else {no child empty}
get smaller number from both children
endif
endif
endif
endif
endfor
endfor

PRL 31

Analyza
— Jelikoz strom ma (log n)+1 drovni, prvni prvek se ziska po (log
n)+1 krocich. Kofenovy procesor potfebuje jeden krok na
porovnani a jeden na uloZeni vysledku do paméti. Kazdy ze
zbylych n-1 prvkud spotfebuje 2 kroky.

t(n) =2.n + (log n) - 1 = 0O(n)
p(n)=2.n-1
c(n) = t(n).p(n) = O(n?) coz neni optimalni

PRL 32
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s B
Bucket sort

« Razeni stromem procesor(i s m
listovymi procesory n = 2M

« Strom obsahuje 2™- " procesoru,
takze p(n) = (2. log n) - 1

« Kazdy listovy procesor obsahuje n/m fazenych prvkl a
umi je sefadit optimalnim sekven¢nim algoritmem (napf.
heapsort)

« Kazdy nelistovy procesor umi spojit dvé sefazené
posloupnosti optimalnim sekvencnim algoritmem

- Algoritmus
— Razené prvky se rovnomé&rné rozdéli mezi listové procesory
— Kazdy list sefadi svou posloupnost
for j = 1 to log m do

for all processors at level (log m)-j do in parallel
procesor spoji posloupnosti svych synu

Rhdiy 4hhy Ofshiol [elidzlsl

endfor
endfor

— Kofenovy procesor ulozi vyslednou posloupnost do paméti

PRL 33
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4 N
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4 N
- Analyza

— 1. Kazdy listovy procesor &te n/(log n) prvku, takze slozitost je
O(n/(log n))

— 2. P¥i pouziti optimalniho algoritmu O(r. log r) = O((n/log
n)).log(n/(log n)) = O(n)

— 3. P¥i j-té iteraci kazdy procesor na urovni i = (log m) - j spoji dvé
posloupnosti o délce n/2i . Pi pouziti napf. straight merge kazda j-
ta iterace zabere k.n/2 krokU, kde k je konstantni. Krok 3 tedy trva

(logm)-1
¥ (k.n)/2" = O(n)
i=1
— 4.0(n)
- Celkove tedy
- t(n)=0(n) p(n) = O(log n)
— ¢(n)=0(n.log n) — optimalni
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-

Median Finding and Splitting

. Stejna architektura jako Bucket ~ [2[5171]814[613]
Sort
e Strom procesor(i s m listy, n = 2m LI T ]
o Proc?sor na Urovni i zpracovava n/2! \

prvka 11 O

e Kazdy list umi optimalni sekvenéni sort

« Novy pozadavek
Kazdy nelistovy procesor umi
nalézt median v optimalnim
¢ase (napf. algoritmus Select s
O(n) sloZitosti)
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4 )

- Algoritmus

1.Kofen nacte fazenou sekvenci S
2.for i=0 to (log m) - 1 do
for all processors at level i do in parallel
2.1) Nalezni ve své sekvenci medidn M (sekvencné)
2.2) Pro kazdy prvek x této sekvence
if x £ M then posli x levému synovi
else pos$li x pravému synovi
endif
endfor
endfor
3.for all leaf processors do
3.1) settid svou sekvenci sekvenénim algoritmem
3.2) uloz ji do vystupni vyrovnavaci paméti

endfor
PRL 39
4 N
- Analyza
- 1.0(n)

— 2.Procesor na i-té Urovni hleda median v posloupnosti délky n/2', coz mu
pfi optimalnim algoritmu trva O(n/27). Rozdéleni posloupnosti trva rovnéz
O(n/2'), tedy celkem krok 2:

(log m)-1 )
>~ n/2'=0(n)
i=0

— 3.kazdy procesor fadi posloupnost délky n/log n coz mu trva O(n/(log
n))/log(n/(log n))) a vystup ulozi v ¢ase O(n/log n)), takze slozitost kroku

3 je O(n)
t(n) = O(n) p(n) = O(log n)
c(n) = O(n.log n) — coz je optimalni
- Diskuse

- Algoritmus se nechova dobre, pokud se v fazené
posloupnosti vyskytuji stejné prvky
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/ = y 4 y 4 - \
Razeni na SIMD bez spoleéné paméti
t(n) cena optimalni?
Specialni topologie
Enumeration Sort O(log n) N
Odd-even Marge Sort log?n N
Linedrni pole procesorl
Odd-Even Trasposition n N
Merge-splitting Sort A
(agregovana verze predchoziho)
Pipeline Merge Sort n A
Enumeration Sort n N
Mrfizka (mesh)
Mesh Sort n'2 N
Agregable Mesh Sort A
Strom
Minimum Extraction n N
Bucket Sort A
agregovana verze pfedchoziho
Median Finding and Splitting n A
Hyperkostka
Cube Sort
t(n) = O(log n) .. O(log?n)
p(n)=n2..2n
PRL 41
Select (median)
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-
Ucebnice — Algoritmus Select %

- Algoritmus select

- [AkI] Akl, S.: The Design and Analysis of Parallel Algorithms,
Prentice Hall, 1989, ISBN-10: 0132000563
— v papirové podobé k dispozici v knihovné FIT, v elektronické podobé ji Ize
najit na internetu, napr. na ebookee
- Kapitoly
— Kapitola 2 - Selection

» Zajimava je pro nas prakticky celd kapitola, popisuje jak sekvenéni, tak i paralelni verzi algoritmu Select,
véetné podrobnosti, které nejsou ve slajdech a mohou usnadnit pochopeni. Zkousen je pouze v rozsahu
slajdd.

PRL A

Sequential select

« Hleda k-ty nejmensi prvek v posloupnosti S
o Je-lik=|S|/2, jde o median
Algoritmus
procedure SEQUENTIAL SELECT (S, k)
(1) if |S| £ Q then setad S a odpocite]
else rozdél S na |S|/Q posloupnosti S; o délce Q prvku
(2) // Setad kaZdou posloupnost S; a nalezni jeji medidn M[i]
for i=1 to |S|/Q do
M[i] = SEQUENTIAL SELECT (S;, [S;|/2)
end for
(3) // Nalezni “mediédn medié&ni” m

m = SEQUENTIAL SELECT (M, [M]| /2)
(4) L = {s; € S: s; < m}

E = ({s; € S: s; = m}

G={s;, € S: s; > m}

(5) if |L| > k then SEQUENTIAL SELECT (L, k) // prvek musi byt v L
else if |L| + |E| > k then return m // prvek musi byt v E
else SEQUENTIAL SELECT(G, k-|L|-|E]|) // prvek musi byt v G

e ProQ>=5 t(n)=0(n)
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4 N

[sBPippd [PIBPRT [RIRAY pPPAHd  2PRA4R]
step 1

M RRARIP3
step 2
| < S, > S| < s,/ |
EAEFENZERPZI 1
step 4

18R 11317 L1 1RA19 1412p3]14p0

step 1
71914

| <= 5,—Is,| «— 5,—> |

IS T2 4f1 A1 SR 1j1 7R 21
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4 N
Parallel select

« Hleda k-ty nejmensi prvek v posloupnosti S
« EREW PRAM s N procesory P,...Py
« Pouziva sdilené pole M o N prvcich

Algoritmus
procedure PARALLEL SELECT (S, k)
(1) if |S| £ 4 then pfimo nalezni k-ty prvek
else rozdél S na N posloupnosti S; o délce n/N a kaZdou prifad
jednomu procesoru P;
(2) for i=1 to N do in parallel

M[i] = SEQUENTIAL SELECT(S;, [S;|/2)
end for
(3) m = PARALLEL_SELECT (M, [M|/2) < s menS8im poctem procesort
(4) L = {s; € S: s; < m}
E = {s; € S: s; =m }
G={s;, € S: s; > m}

(5) if |L| > k then PARALLEL SELECT (L, k)
else if |L| + |E| > k then return m
else PARALLEL SELECT (G, k-|L|-|E])
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4 N
- Analyza
— t(n) = O(n/N) pron >4, N <n/log n
- p(n)=N
— ¢(n) =t(n).p(n) = O(n) — coz je optimalni
PRL 47
4 N

Parallel splitting

« Krok 4 algoritmu Parallel select

« Uloha: Je dana posloupnost S a &islom
Maji se vytvofit tfi posloupnosti:
L={s, e S:s;<m}
E={s, e S:s;=m}
G={s,e S:s;>m}
« Slozitost sekvenc¢niho algoritmu je O(n)

« Paralelni feSeni - mame N procesorU, které si
sekvenci S rozdéli na podposloupnosti S; o délce
n/N
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- )
Algoritmus
(i) m se zaSle vSem procesorum procedurou BROADCAST
(ii) Kazdy procesor P, rozdéli svoji sekvenci S;
na sekvence L;, E;, G;
(iii) VS8echny sekvence L; jsou spojeny do sekvence L
(a stejné tak E; a G;) néasledovné:
Necht a; = [L;|
Pro vSechny i, kde 1 £ 1 < N se spocte suma:

(iv) Nyni v8echny procesory paralelné
uklédaji své posloupnosti
L, do L tak, Ze procesor P; kopiruje L;

do L od pozice z; ;+1. Pl P2 L&

[L1=3} L2=2] [ L3=4}—

N

PRL 49

4 N

- Analyza
— (i) Krok (i) zabere ¢as O(log N)
— (ii) Rozdéleni se provadi optimalnim sekvencnim algoritmem a
zabere €as O(n/N)

— (iii) Hodnoty z; jsou vlastné suma prefixt a daji se procedurou
ALLSUMS spocist v €ase O(log N)

— (iv) Spojeni subsekvenci se provadi paralelné s linearni slozitosti
a trva O(n/N)

- Celkova Casova slozitost
— t(n) = O(log N + n/N) = O(n/N) pro dostate¢né malé N
— Cena c(n) = O(n/N).N = O(n) — coz je optimalni
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4 N

KONEC
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Sorting

4.1 INTRODUCTION

In the previous two chapters we described parallel algorithms for two comparison
problems: selection and merging. We now turn our attention to a third such problem:
sorting. Among all computational tasks studied by computer scientists over the past
forty years, sorting appears to have received the most attention. Entire books have
been devoted to the subject. And although the problem and its many solutions seem to
be quite well understood, hardly a month goes by without a new article appearing in a
technical journal that describes yet another facet of sorting. There are two reasons for
thisinterest. The problem isimportant to practitioners, as sorting datais at the heart
of many computations. It also hasarich theory: Thedesign and analysis of'algorithms
isan important area of computer science today thanks mainly to the early work on
sorting.

The problem isdefined asfollows. Wearegiven asequence S = {s;,53,...,8,} o
nitemson whichalinear order < isdefined. Theelementsof Sareinitially in random
order. The purpose of sorting is to arrange the elements of S into a new sequence
§' = {s1,54,...,5,} such that sj <s;., fori=1,2,...,n— 1 We saw in chapter 1
(example 1.10) that any algorithm for sorting must require Q(»n log n) operationsin the
worst case. As we did in the previous two chapters, we shall assume henceforth,
without loss of generality, that the elements of Sare numbers (of arbitrary size) to be
arranged in nondecreasing order.

Numerous algorithms exist for sorting on a sequential computational model.
One such agorithm is given in what follows as the recursive procedure
QUICKSORT. The notation a«< b means that the variables a and b exchange their
values.

procedure QUICKSORT (S)

if IS|=2and s, <s,
then s, < s,
else if |S] > 2 then
(2) { Determine m, the median element of 5}
SEQUENTIAL SELECT (S, 1S1/27)

85
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(2) {Split S into two subsequences S, and S,}
(2.1) Sy «{s,: s; <m} and [S,| = [151/2]
(2.2) 83+ {si:s; 2 m} and [S,] = [(S1/2]
(3) QUICKSORT(S,)
(4) QUICKSORT(S,)
end if
endif. O

At each level of the recursion, procedure QUICKSORT finds the median of a
sequence S and then splits S into two subsegquences S, and S, of elementssmaller than
or equal to and larger than or equal to the median, respectively. The algorithm is now
applied recursively to each of S, and S,. Thiscontinues until S consists of either one
or two elements, in which case recursion is no longer needed. We aso insist that
IS:1=T181/271 and {S,| =1|S|/2] to ensure that the recursive cals to procedure
QUICKSORT are on sequences smaller than S so that the procedureis guaranteed to
terminate when all elements of S are equal. Thisis done by placing all elements of S
smaller than min S,; if |S;| < [1S]/2], then elements equal to m are added to S, until
1S,1 =TISI/21. From chapter 2 we know that procedure SEQUENTIAL SELECT
runsin time linear in the size of the input. Similarly, creating S, and S, requires one
pass through S, which is also linear.

For some constant ¢, we can express the running time of procedure
QUICKSORT as

t(n) = cn + 2t(n/2)
=0(nlog n),
which is optimal.

Example 4.1
LetS ={6,59,2,4,3,51 7,5, 8}. Thefirst call to procedureQUI CKSORT produces 5
as the median element of S, and hence S, = {2,4,3,1,5,5} and S, = {6,9,7,8, 5}. Note
that §; =41 =6and S, = 4| = 5. Arecursivecall toQUI CKSORT with §; asinput
produces the two subsequences {2, 1,3} and {4, 5, 5}. The second call with S, as input
produces {6,5,7} and {9,8}. Further recursive cals complete the sorting of these
sequences. []

Because of the importance o sorting, it was natural for researchers to also
develop several algorithms for sorting on parallel computers. In thischapter we study
a number of such algorithms for various computational models. Note that, in view of
the R(nlog n) operations required in the worst case to sort sequentially, no parallel
sorting algorithm can have a cost inferior to O(nlog n). When its cost isO(nlogn), a
parallel sorting algorithm is of course cost optimal. Similarly, a lower bound on the
time required to sort using N processors operating in parallel is Q((nlogn)/N) for
N < nlogn.

We begin in section 4.2 by describing a special-purpose parallel architecture for
sorting. The architecture is a sorting network based on the odd-even merging
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algorithm studied in chapter 3. In section 4.3 a parallel sorting algorithm is presented
for an SIMD computer where the processors are connected to form a linear array.
Sections 4.4-4.6 are devoted to the shared-memory SIMD model.

4.2 A NETWORK FOR SORTING

Recall how an (r, s}-merging network was constructed in section 3.2 for merging two
sorted sequences. It israther straightforward to use a collection of merging networks
to build a sorting network for the sequence S = {sy, 55, - . . , S»}, Where nisa power of 2
Theideaisthefollowing. In afirst stage, a rank of n/2 comparators is used to create
n/2 sorted sequenceseach of length 2 In a second stage, pairs of these are now merged
into sorted sequences of length 4 using a rank of (2, 2)-merging networks. Again,in a
third stage, pairs of sequences of length 4 are merged using (4, 4)-merging networks
into sequences of length 8. The process continues until two sequences of length r/2
each are merged by an (n/2, n/2)-merging network to produce a single sorted sequence
of length n. The resulting architecture is known as an odd—even sorting network and is
illustrated in Fig. 4.1for S= {8,4,7,2, 1,5, 6, 3}. Note that, asin the case of merging,
the odd-even sorting network is oblivious of its input.

Analysis. Aswe did for the merging network, we shall analyze the running
time, number of comparators, and cost of the odd—evensorting network. Since thesize
of the merged sequences doubles after every stage, there arelog n stages in all.

(i) Running Time. Denote by s(2) the time required in the ith stage to merge
two sorted sequences of 2/~ elements each. From section 3.2 we have the recurrence

s(2)=1 fori=1,
s2)=s@2"H+1 fori>1,
whose solution is s(2f) = i. Therefore, the time required by an odd-even sorting

network to sort a sequence of length nis

t(n) = 'zg s(2) = O(log?n).

=1

Note that this is significantly faster than the (optimal) sequential running time of
O(nlogn) achieved by procedure QUICKSORT.

(ii) Number of Processors. Denote by g(2) the number of comparators
required in the ith stage to merge two sorted sequences of 2~ elements each. From
section 3.2 we have the recurrence

q(2)=1 fori=1,
g(2) =292 H+ 2"t -1 fori>1,

whose solution is g(2%) = (i — 1)2"~! + 1 Therefore, the number of comparators
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needed by an odd-even sorting network to sort a sequence of length nis

logn

pin) = Y, 20 =ig(2)

i=1

= O(n log?n).

(i) cost. Since t(n) = O(log®n) and p(n) = O(n log®n), the total number of
comparisons performed by an odd—even sorting network, that is, the network's cost, is

c(n) = p(n) x t(n)
= O(nlog*n).

Our sorting network istherefore not cost optimal asit performs more operations than
the O(n log n) sufficient to sort sequentially.

Sincethe odd—even sorting network is based on the odd—even merging one, the
remarks made in section 3.2 apply here as well. In particular:

(i) The network isextremely fast. It can sort a sequence of length 22° within, on the
order of, (20)*> time units. This is to be contrasted with the time required by
procedure QUICK SORT, which would be in excess o 20 million time units.

(i) The number of comparators istoo high. Again for n = 22°, the network would
need on the order of 400 million comparators.

(iii) The architectureis highly irregular and the wireslinking the comparators have
lengths that vary with n.

Wetherefore reach the same conclusion asfor the merging network of section 3.2: The
odd-even sorting network is impractical for large input sequences.

4.3 SORTING ON A LINEAR ARRAY

In this section we describe a parallel sorting algorithm for an SIM D computer where
the processors are connected to form a linear array as depicted in Fig. 1.6. The
algorithm usesnprocessors P,, P,,..., P, tosort thesequencesS = {5, 5, ..., 5,}. At
any time during the execution o the algorithm, processor P; holds one element of the
input sequence; we denote this element by x; for all 1<i < n Initidly x; =s;. It is
required that, upon termination, x; be the ith element of the sorted sequence. The
algorithm consists of two steps that are performed repeatedly. In thefirst step, all odd-
numbered processors P; obtain x;,, from P;+, If x;>x;,,, then P, and P;,,
exchange the elements they held at the beginning of this step. In the second step, all
even-numbered processors perform the same operations as did the odd-numbered
onesin thefirst step. After [n/2] repetitions of these two stepsin this order, no further
exchanges of elements can take place. Hence the algorithm terminates with x; < x;
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for dl 1 <i<n- 1. The algorithm is given in what follows as procedure ODD-
EVEN TRANSPOSITION.

procedure ODD-EVEN TRANSPOSITION (S)
for j = 1to[n/27 do
(1) fori=1,3,...,2[n/2] — 1 doin parallel
ifx; > x4
then x; & x;,,
end if
end for
(2)fori=2,4,...,2|(n — 121 do in paralld
if x; > x4
then x; & x;, ¢
end if
end for
end for. O

Example 4.2
LeS=1{6,5,9,2,4,3,5,1,7 5,8} Thecontentsd thelinear array for thisinput during
the execution d procedure ODD-EVEN TRANSPOSITION areillustrated in Hg. 4.2.
Note that although a sorted sequenceis produced after four iterations o steps 1 and 2,
two more (redundant)iterationsare performed, that is atotal of [4] as required by the
procedure's statement. [

Analysis. Each of steps1and 2 consists of one comparison and two routing
operations and hence requires constant time. These two steps are executed [n/2]
times. The running time of procedure ODD-EVEN TRANSPOSITION is therefore
t(n) = O(n). Since p(n) = n, the procedure's cost is given by c(n) = p(n) X t(n) = O(n?),
which is not optimal.

From this analysis, procedure ODD-EVEN TRANSPOSITION does not
appear to be too attractive. Indeed,

(i) with respect to procedure QUICK SORT, it achievesa speedup of O(log n)only,
(i) it uses a number of processors equal to the size of the input, which is
unreasonable, and
(iii) it is not cost optimal.

The only redeeming feature of procedure ODD-EVEN TRANSPOSITION
seemsto beitsextremesimplicity. Weare thereforetempted to salvageits basicideain
order to obtain a new algorithm with optimal cost. There are two obvious ways for
doing this: either (1) reduce the running time or (2)reduce the number of processors
used. The first approach is hopeless: The running time of procedure ODD-EVEN
TRANSPOSITION is the smallest possible achievable on a linear array with n
processors. To seethis, assume that the largest element in Sisinitially in P, and must
thereforemove n — 1 stepsacrossthelinear array beforesettlinginitsfinal position in
P.. This requires O(n) time.
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Figure 4.2 Sorting sequence of deven dements using procedure ODD-EVEN
TRANSPOSITION.

Now consider the second approach. If N processors, where N < n, are available,
then they can simulate the algorithm in n x t(n)/N time. The cost remainsn X t(n),
which as we know is not optimal. A more subtle simulation, however, alows us to
achieve cost optimality. Assumethat each of the N processorsin thelinear array holds
a subsequence of Sof length n/N. (It may be necessary to add some dummy elements
to Sif nis not a multiple of N.) In the new algorithm, the comparison-exchange
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operations o procedure ODD-EVEN TRANSPOSITION are now replaced with
merge-split operations on subsequences. Let S; denote the subsegquence held by
processor P;. Initially, the S; are random subsequences of S. In step 1, each P; sorts §;
using procedure QUICKSORT. In step 2.1 each odd-numbered processor P; merges
the two subsequences S; and S;., into a sorted sequence S; = {s7,5%...,85,n}- It
retains the first haf of S/ and assignsto its neighbor P, . ; the second half. Step 2.2 is
identical to 2.1 except that it is performed by all even-numbered processors. Steps 2.1
and 22 are repeated aternately. After [N/2] iterations no further exchange o
elements can take place between two processors. The algorithm is given in what
follows as procedure MERGE SPLIT. When it terminates, the sequence S = S,,
S, ...,Sy issorted.

procedure MERGE SPLIT (S)

Step 1. for i=1toN doin parald
QUICKSORT (S;)
end for.

Step2: for j=1to[N/2] do
(21) fori=1,3,...,2|N/2] — 1doin parald
(i) SEQUENTIAL MERGE (S;, S+, )

(i) S;+ {sy, $5,... ,S;./N}
(i) S;+, « {S(Inmﬁ 1 Sty 42000 sZn/N}
end for

(2.2)fori=2,4,...,2I{N — 1)/2]} do in paralld
(i) SEQUENTIAL MERGE (S;, S;+ 4, S

(”) Si A\ {s,l’ S,Zs e ,S;/N}
(lll) Si+ 19 {S(/n/N)"' 13 s(’n/N)+25 - S’Zn/N}
end for
end for. [

Example 4.3
Let S={8, 2,5, 10, 1,7, 3, 12,6, 11, 4,9) and N = 4. The contents of the various
processorsduring the execution of procedure MERGE SPLIT for thisinput isillustrated
inFig.43. O

Analysis. Step 1 requires O((n/N)log(n/N)) steps. Transferring S;,, to P,
merging by SEQUENTIAL MERGE, and returning S, to P;,, al require O(n/N)
time. The total running time of procedure MERGE SPLIT is therefore

t(n) = O((n/N)log(n/N)) + [N/2] x O(n/N)
= 0((n log n)/N) T O(n),
and its cost is
c(m) = O(nlog n) + O(nN),

which is optimal when N < logn.
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P, Py Py P4

INITIALLY {8, 2, 5} (1017) {3, 12, 6} {11, 4,9
AFTER STEP

1 {2, 5, 8) {1,7,10} {3. 6,12} —I {4, 9, 11}
(2.1) {1, 2, 5} {7. 8, 10} {3.4,6} {9, 11,12}
(2.2) {1, 2, 5} {3, 4, 6} {7, 8, 10} {9, 11,12}
(2.1) {1, 2,3} {4, 5, 6} {7. 8,9 {10, 11, 12}
(2.2) {1.2, 38} {4, 5, 6} {7, 8,9} {10, 11, 12}

Figure43 Sorting sequenceof twelve elementsusing procedure MERGE SPILIT.

4.4 SORTING ON THE CRCW MODEL

Itistimeto turn our attention to the shared-memory SI M D model. I n the present and
the next two sections we describe parallel algorithms for sorting on the various
incarnations of this model. We begin with the most powerful submodel, the CRCW
SM SIM D computer. We then proceed to the weaker CREW model (section 4.5), and
finally we study algorithms for the weakest shared-memory computer, namely, the
EREW model (section 4.6).

Whenever an algorithm isto be designed for the CRCW model of computation,
one must specify how write conflicts, that is, multiple attempts to write into the same
memory location, can be resolved. For the purposes of the sorting algorithm to be
described, we shall assume that writeconflictsare created whenever several processors
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attempt to write potentially different integers into the same address. The conflict is
resolved by storing the sum of these integers in that address.

Assume that n? processors are available on such a CRCW computer to sort the
sequence S= {sy,5,,...,5,}. Thesorting algorithm to be used is based on the idea of
sorting by enumeration: The position of each element s; of Sin the sorted sequence is
determined by computing c;, the number of elements smaller than it. If two elements s;
and s; areequal, then s; istaken to be the larger of the two if i > j; otherwise s; is the
larger. Once all the ¢; have been computed, s, is placed in position 1 + ¢, of the sorted
sequence. T o help visualize the algorithm, we assume that the processorsare arranged
into n rows of n elements each and are numbered as shown in Fig. 4.4. The shared
memory contains two arrays: Theinput sequenceisstored in array S while the counts
¢; are stored in array C. The sorted sequenceis returned in array S. The ith row of
processorsis*in charge” of element s;: Processors P(i, 1), P(i, 2).. .., P(i, n) compute ¢;
and stores; in position 1 + ¢, of S. The algorithm isgiven as procedure CRCW SORT:

procedure CRCW SORT (S)

Stepl: for i =1ton doin paralld
for j = 1tondoin paralld
if (s;>s)a(s;=s;andi>j)
then P(i, j) writes 1 in ¢;
else PG, j) writes0 in ¢;
end if
__end for
end for.
Step 2 for i=1ton doin paralld
PG, 1) storesss; in position 1+ ¢, o S
end for. [J
Example4.4
Let S = {5,2, 4,5). Thetwo dements of S that each of the 16 processors comparesand
the contentsd arrays S and C after each step of procedure CRCW SORT are shown in
Fig.45 O

Analysis. Each of steps 1 and 2 consists of an operation requiring constant
time. Therefore t(n) = O(1). Since p(n) = n?, the cost of procedure CRCW SORT is

c(n) = O(n?),

which is not optimal.
We have managed to sort in constant time on an extremely powerful model that

1. alows concurrent-read operations; that is, each input element s; is read
simultaneously by all processorsin row i and all processorsin column i;
2 alows concurrent-write operations; that is,
(i) all processorsin a given row are allowed to write simultaneously into the
same memory location and
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S 8, | s, s,
SHARED
MEMORY
C ¢ | ¢ c,
P(1:1) P(1.2) * . ) P(1,I'\)
P(211j P(2)2} . . . P(2,n)
P(n,1) P(n,2) . . . P(n,n)

Figure4.4 Processor and memory organization for sortingon CRCW SM SIM D model.

(ii) the write conflict resolution processis itsdf very powerful —al numbers to
be stored in a memory location are added and stored in constant time;
and
3 usssavey large number o processors; that is, the number of processorsgrows
quadratically with the size o the input.

For these reasons, particularly the last one, the algorithm is most likely to be of no
great practical vaue. Nevertheless, procedure CRCW SORT isinterestingin its own
right: It demonstrates how sorting can be accomplished in constant time on a model
that isnot only acceptabletheoretically, but has also been proposed for a number of
contemplated and existing parallel computers.
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P(1,1) P(1,2) P(1,3) P(1,4) C S
5,5 5,2 5, 4 5,5 2 2
P(2,1) P(2,2) P(2,3) P(2,4)
2,5 2,2 2,4 2,5 0 4
P(3,1) P(3.2) P(3,3) P(3,4)
4,5 4,2 4,4 4,5 1 5
P(4,1) P(4,2) P(4,3) P(4,4)
5,5 5,2 5,4 5,5 3 5
AFTER AFTER
STEP 1 STEP 2

Figure 45 Sorting sequence of four elements using procedure CRCW SORT

4.5 SORTING ON THE CREW MODEL

In this section we attempt to deal with two of the objections raised with regards to
procedure CRCW SORT: its excessive use of processors and its tolerance of write
conflicts. Our purposeistodesign an algorithm that isfree of write conflictsand usesa
reasonable number of processors. In addition, we shall require the algorithm to also
satisfy our usual desired properties for shared-memory SIMD algorithms. Thus the
algorithm should have

(i) asublinear and adaptive number of processors,
(i) a running time that is small and adaptive, and
(iii) acost that is optimal.

In sequential computation, a very efficient approach to sorting is based on the
idea of merging successively longer sequences of sorted elements. This approach is
even more attractivein parallel computation, and we have already invoked it twicein
this chapter in sections 4.2 and 4.3. Once again we shall use a merging algorithm in
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order to sort. Procedure CREW M ERGE developed in chapter 3 will serveas a basis
for the CREW sorting algorithm of this section. Theidea is quite simple. Assume that
a CREW SM SIMD computer with N processors Py, P, ..., Py isto be used to sort
the sequence S={s,, s,,...,s,}, where N < n We begin by distributing the elements
of Sevenly among the N processors. Each processor sortsits alocated subsequence
sequentially using procedure QUICKSORT. The N sorted subsequences are now
merged pairwise, simultaneously, using procedure CREW M ERGE for each pair. The
resulting subsequences are again merged pairwise and the process continues until one
sorted sequence of length nis obtained.

The algorithm is given in what follows as procedure CREW SORT. In it we
denote theinitial subsequence of S allocated to processor P; by S;. Subsequently, S is
used to denote a subsequence obtained by merging two subsequences and P the set of
processors that performed the merge.

procedure CREW SORT (S)

Step 1 fori= 1to N doin paralld
Processor P;
(1.1) reeds a digtinct subsequence §; o S d dzen/N
(1.2) QUICKSORT (S,
(1.3) Sf < S,
(L4) Pf« {P;}
end for.

Sep2 (2D u<1l
(2.2)ve N
(2.3)whilev > 1 do
(2.3.1)for m= 1to|v/2} doin paralld
(i) Put' < Pip_y U P3y
(ii) The processorsin the st P4*! perform
CREW MERGE (S%,,_,, S, $**1)
end for
(2.3.2)if v isodd then () Pg)« P
(i) Sty S%
and if
(233)u—utt
(2.34) v [v/2]
end while [

Analysis. Thedominating operation in step 1 is the call to QUICKSORT,
which requires O((n/N)log(n/N)) time. During each iteration of step 2.3, [ v/2] pairs of
subsequences with n/lv/2] elements per pair are to be merged simultaneously using
N/lv/2] processors per par. Procedure CREW MERGE thus requires
O([(n/Lv/2))/(N/Lv/2])] + log(n/|v/2))), that is, O((n/N) + log n) time. Sincestep 2.3 is
iterated |log NJ times, the total running time of procedure CREW SORT is

t(n) = O((n/N)log(n/N)) T O((n/N)log N + log nlog N)
= O((n/N)log n T log?n).
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Since p(n) = N, the procedure's cost is given by
¢(n) = On log n+ N log?n),
which is optimal for N < n/log n.

Example 45
Let S=1{2,8,5,10, 15, 1, 12, 6, 14, 3, 11, 7, 9, 4, 13, 16) and N = 4. During step 1,
processors P,, P,, P, and P, receive the subsequences S, ={2, 8,5, 10},
§,=(15,1,12,6}, S, = (14,3, 11,7}, and S, = (9,4, 13, 16}, respectively, which they
sort locally. At theend of step 1, 81 = {2,5,8,10}, §3 = {1,6,12,15}, S} = {3,7, 11, 14},
S}t:{4’9’13’16}’P% :{Pl}’P%:{PZ}’P;:{Pﬁ’and Pblt:{P4}'

During the firgt iteration of step 2.3, the processorsin P3 = P} u P} = {P,, P,}
cooper ate to merge the elements of S} and S; to produce S; = {1,2,5,6, 8,10, 12, 15}.
Simultaneously, the processors in P2 = PiuP}={P;,P,} merge 3 and S} into
52=1{3,4,7,9, 11, 13 14, 16).

During the second iteration of step 2.3, the processors in P = PZuP;3 =
{P,, P,,P,, P,}cooperatetomergeSiand S%into S} = {1, 2,..., 16)and the procedure
terminates. []

4.6 SORTING ON THE EREW MODEL

Two of the criticisms expressed with regards to procedure CRCW SORT were
addressed by procedure CREW SORT, which adapts to the number of existing
processors and disallows multiple-write operations into the same memory location.
Still, procedure CREW SORT tolerates multiple-read operations. Our purposein this
section isto deal with thisthird difficulty. Three parallel algorithmsfor sorting on the
EREW model are described, each representing an improvement over its predecessor.
We assume throughout thissection that N processors P, P,,..., Py areavailable on
an EREW SM SIM D computer to sort thesequence S= {s;, s, . ..,s,}, whereN < n.

4.6.1 Simulating Procedure CREW SORT

The simplest way to remove read conflicts from procedure CREW SORT is to use
procedure MULTIPLE BROADCAST. Each attempt to read from memory now
takes O(log N) time. Simulating procedure CREW SORT on the EREW model
therefore requires

t(n) = O((n/N)log n t log nlog N) x O(log N)
= O([(n/N) *+ log NTlog nlog N)
time and has a cost of
c(n) = O((n T N log N)log nlog N),

which is not cost optimal.
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4.6.2 Sorting by Conflict-Free Merging

A more subtle way to avoid concurrent-read operations from the same memory
location in procedure CREW SORT is to remove the need for them. This can be
accomplished by replacing the call to produce CREW MERGE in step 2.3.1
with a cal to procedure EREW MERGE. This step therefore requires
O((n/N) * lognlog N). Since there are O(log N) iterations o this step, the overall
running time of the modified procedure, including step 1, is

t(n) = O((n/N)log(n/N)) T O((n/N)log N * log nlog?N)
= O([(n/N) T log>n}log n),
yielding a cost of
¢(n) = O((n T N log?n)log n).

Therefore the modified procedure is cost optimal when N < n/log®n. This range of
optimality is therefore narrower than the one enjoyed by procedure CREW SORT.

4.6.3 Sorting by Selection

Our analysis so far indicates that perhaps another approach should be used if the
performance of procedure CREW SORT isto be matched on the EREW model. We
now study one such approach. The idea is to adapt the sequential procedure
QUICKSORT to run on a parallel computer. We begin by noting that, since N < n,
we can write N = n! ™% where0 < x < L

Now, let m; be defined as the [i(n/2'”*)Jth smalest element of S for
1<i <2V — 1L Them,’s can be used to divide S into 2'/* subsequences of size n/2!/*
each. These subsequences, denoted by S;, S;,...,S;, S;41, Sjs2,-.., Sz, Where
j =241 stisfy thefollowing property: Every element of S; issmaller than or equal
to every element of S;,, for 1<i<2j— 1 This is illustrated in Fig. 46. The
subdivision process can now be applied recursively to each of the subsequences S;
until the entire sequence S is sorted in nondecreasing order.

This agorithm can be performed in paradlel by first invoking procedure
PARALLEL SELECT to determine the elements m; and then creating the sub-
sequences S;. The algorithm is applied in parallel to the subsequences Sy, S,,...,S;
using N/j processors per subsequence. The same is then done with the subsequences
S;+1>8j42,...,8;j. Notethat the number of processors used to sort each subsequence
of size n/24% namely, n* ~*/2M® -1 js exactly the number required for a proper
recursive application of the algorithm, that is, (n/2'/)! ~*,

Itisimportant, of course, that 21/ be an integer of finite Size: Thisensures that a
bound can be placed on the running time and that al the m; exist. Initialy, the N
available processors compute x from N = n! ~*, If x does not satisfy the conditions (i)
f1/x7 < 10 (say) and (ii) n > 2"/~ then the smallest real number larger than x an"* ~
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satisfying (i) and (ii) istaken asx. Let k = 2/, The algorithm is given as procedure
EREW SORT:

procedure EREW SORT (S)

if 1S| < k
then QUICK SORT (S)
ese(l) for i=1tok—1do
PARALLEL SELECT (S, [i|S|/k]) {Obtain m,)
end for
(2) S; < {seS:s< my}
(3)for i=2tok—1do
S, {seS:m_, <s<my}
end for
(4) Sy~ {seS:s=m_}
(5) for i = 1to k/2 do in parallel
EREW SORT (S))
end for
(6) for i = (k/2) T 1to k do in paralld
EREW SORT (S))
end for
endif. O

Note that in steps 2-4 the sequence S; is created using the method outlined in
chapter 2 in connection with procedure PARALLEL SELECT. Also in step 3, the
elements of Ssmaller than m; and larger than or equal tom;_, arefirst placed in §,;. If
IS;] < TiS|/k7, then elementsequal to m; are added to S; SO that either |S;| = [|S|/k] or
no element isleft to add to S;. Thisisreminiscent of what wedid with QUICK SORT.
Steps 2 and 4 are executed in a similar manner.

Example 4.6

Let S =1{5,9,12, 16,18,2,10,13,17,4,7, 18,18, 11, 3,17, 20, 19, 14,8,5, 17, 1, 11, 15, 10,
6} (i.e, n = 27)and let five processors P,, P,, P;, P,, Ps be available on an EREW SM
SIMD computer (i.e., N = 5). Thus5 = (27)! %, x ~ 0.5, and k = 2/"/*! = 4. The working
of procedure EREW SORT for thisinput isillustratedin Fig. 4.7. Duringstep 1, m, = 6,
m, = 11, and m, = 17 are computed. Thefour subsequencesS;, S,, S;, and S, arecreated
in steps 2-4 as shown in Fig. 4.7(b). In step 5 the procedure is applied recursively and
simultaneoudly to S, and S. Note that |S,] = |S,| = 7, and therefore 7' ~* is rounded
down to 2 (assuggested in chapter 2).1n other words two processorsare used tosort each
o the subsequencesS, and S, (thefifth processor remainingidle). For S,, processorsP,
and P, computem, =2, m, =4, and m; =5, and the four subsequences {1, 2}, {3, 4},
{5, 5}, and {6} are created each of whichisalready insorted order. For S,, processors P,
and P, computem, = 8, m, = 10,and m; = 11, and thefour subsequence; {7, 8}, {9, 10},
{10, 11}, and {11) are created each of whichisalready in sorted order. The sequence § at
theend d step 5isillustratedin Fig. 4.7(c). In step 6 the procedureis applied recursively
and simultaneously to §5 and S,. Again since|S;| =7 and |S,|=6,7'"*and 6!~ are
rounded down to 2 and two processorsare used to sort each o the two subsequencess,
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['s T1o]12]16] 18] 2 J10]1a]17] 4 | 7 [18] 18] 11] s[17]20 18] 14 8 ] 5 [17] 1 [11]15] 10]s |

@ INITIALLY

[sT2T4a]a]s]1Te]o]ro] 7[8]0]11[11]12] 16] 13]1a] 6 [17]17] 18] 18] 18]20]10] 17]
— S % ——— % —
(b) AFTER STEP (4)
[1T2Tafa]s]s]e]7]8]o]ro]to]11]11]12] 16]13]1a]15[ 17]17] 18] 18] 18] 20] 15] 17]

f—— 53 — S« —

(c) AFTER STEP (5)

[1T2]3]4]s]s]e]7]s]a]|r0]10]11]11]12{ 13]14]15]16]17]17] 17] 18] 18] 18] 10] 20]

(d) AFTER STEP (6)
Figure4.7 Sorting sequencedf twenty-seven elementsusing procedure EREW SORT.

and S,. For §;,m; = 13, m = 15,andm = 17 are computed, and thefour subsequences
{12,13}, {14,15}, {16, 17}, and {17} are created each d which is aready sorted. For 5,
m; =18 m =18, and m = 20 are computed, and the four subsequences {17, 18},
{18, 18}, {19,20}, and an empty subsequenceare created. The sequence S after step 5 is
shown in Fig. 4.7(d). [

Analysis. Thecall to QUICKSORT takes constant time. From the analysis

of procedure PARALLEL SELECT in chapter 2 we know that steps 1-4 require cn*
time units for some constant ¢ The running time of procedure EREW SORT is
therefore

t(n) = cn* + 2t(n/k)
= O(n*log n).

Since p(n) = n' ~*, the procedure's cost is given by

c(n) = p(n) x t(n) = O(nlog n),

which is optimal. Note, however, that since n'~* < n/logn, cost optimality is
restricted to the range N < n/log n.

(i)

Procedure EREW SORT therefore matches CREW SORT in performance:

It uses a number of processors N that issublinear in the size of the input nand
adaptsto it,
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(i) it has a running time that is small and variesinversdy with N, and
@iii) itscost is optimal for N < n/log n

Procedure EREW SORT hasthe added advantage, o course, d running on a weaker
model of computation that does not dlow multiple-read operations from the same
memory location.

It isalsointerestingto observe that procedure EREW SORT isa" mirror image'
of procedure CREW SORT in thefollowingway. Both algorithms can be modeled in
theory by a binary tree. In procedure CREW SORT, subsequences are input at the
leaves, one subsequence per leaf, and sorted locally; they are then merged pairwise by
parent nodes until the output is produced at the root. By contrast, in procedure
EREW SORT, the sequence to be sorted isinput at the root and then split into two
independent subsequences {S;,S,,...,S;} and {S;,,S;+2,...,52;}; splitting then
continues at each node until each leaf receivesa subsequencethat, oncelocally sorted,
is produced as output.

47 PROBLEMS

41 Use the (n, n)-merging network defined in problem 39 to obtain a network for sorting
arbitrary (i.e., not necessarily bitonic) input sequences. Analyze the running time and
number of processors used by this network and compare these with the corresponding
quantities for the network in section 4.2.

42 Consider thefollowing parallel architecture consisting of n? processors placed in a square
array with n rows and ncolumns. The processors in each row areinterconnected to form a
binary tree. The processors in each column are interconnected similarly. The tree
interconnections are the only links among the processors. Show that this architecture,
known as the mesh d trees, can sort a sequence of n elements in O(log n) time.

43, The odd-even sorting network of section 4.2 uses O(nlog?n) processors to sort asequence
4 of length nin O(log?n) time. For some applications, this may be too slow. On the other
hand, the architecture in problem 4.2 sorts in O(log n) time using n? processors. Again,
when n is large, this number of processors is prohibitive. Can you design a network that
combines the features of these two algorithms, that is, one that uses O(nlog?n) processors

and sorts in O(log n) time?

44 1t may beargued that the number of processors used in problem 4.3, namely, O(nlog?n), is
still toolarge. Isit possibleto reduce this to O(nlog n) and still achievean O(log n) running
time?

45 Inspect the network obtained in problem 4.1. You will likely notice that it consists of m
columns of n/2 processors each, where misa function of n obtained from your analysis. It
is required to exploit this regular structure to obtain a sorting network consisting of a
singlecolumn of n/2 processors that sorts a sequence of length n in O(m) time. The idea is
to keep the processors busy all the time as follows. The input sequence is fed to the
processors and an output is obtained equal to that obtained from the first column of the
bitonic sorting network. This output is permuted appropriately and fed back to the
processors to obtain the output of the second column. Thiscontinuesform iterations, until
the sequence is fully sorted. Such a schemeis illustrated in Fig. 4.8 for n = 8.
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Py
Py
PERMUTATION
NETWORK
P3
Ps

Figure48 Sorting usng permutation network.

The sorting network in problem 4.5 has a cost of O(nm). |s this optimal? The answer, of
course, depends on m If the cost is not optimal, apply the same idea used in procedure
MERGE SPLIT to obtain an optimal algorithm.

Can you design a sorting network that uses O(n) processorsto sort a sequence of length »
in O(log n) time?

Establish the correctness of procedure ODD-EVEN TRANSPOSITION.

As example 4.2 illustrates, a sequence may be completely sorted several iterations before
procedureODD-EVEN TRANSPOSITION actually terminates. I n fact, if thesequenceis
initially sorted, the O(n) iterations performed by the procedure would be redundant. Is it
possible, within the limitations of the linear array model, to modify the procedure so that
an early termination is obtained if at any point the sequence becomes sorted?
Procedure ODD-EVEN TRANSPOSITION assumes that all elements of the input
sequence are available and resideinitially in the array of processors. It is conceivable that
in some applications, the inputs arrive sequentially and are received one at a time by the
leftmost processor P,. Similarly, the output is produced one element at a time from p,.
Modify procedure ODD-EVEN TRANSPOSITION so that it runs under these con-
ditions and completes the sort in exactly the same number of steps as before (i.e., without
an extra time penalty for input and output).

When several sequences are queued for sorting, the procedure in problem 4.9 has a period
of 2n. Show that this period can be reduced to »n by allowing both P, and P, to handle
input and output. In this way, m sequences of nelements each are sorted in (m + [)nsteps
instead of 2mn.
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In section 4.3 we showed how procedure ODD-EVEN TRANSPOSITION can be
modified so that itscost becomesoptimal. Show that it is possibleto obtain a cost-optimal

sorting agorithm on the linear array for the case of sequential input. One approach to
consider isthefollowing. For a sequence of length n, the linear array consistsof 1 + logn
processors. The leftmost processor receives the input, the rightmost produces the output.
Each processor is connected to its neighbors by two lines, as shown in Fig. 4.9for n = 8.
This array can be made to sort in O(n) time by implementing an adapted version o the
sequential procedure Mergesort. This procedure consists of logn stages. In stage i sorted
subsequences o length 2 are created, i = 1,2,...,logn. In the parallel adaptation, the
steps are run overlapped on the linear array.

In procedure MERGE SPLIT each processor needs at least 4n/N storage locations to
merge two sequences of length n/N each. Modify the procedure to require only 1 + n/N
locations per processor.

A variant of the linear array that uses a bus was introduced in problem 2.9. Design an
algorithm for sorting on this model, where P, receivesthe input sequence of sizen and P,
produces the output.

The nelements of a sequence areinput to an n*/? x n'/? mesh-connected SIM D compuiter,
oneelement per processor. It isrequired to sort thissequencein row-major order. Derivea
lower bound on the running time required to solve this problem.

Use theresultsof problems 3.6and 3.7 to obtain an algorithm for odd—evensorting on an
m X m mesh-connected SIMD computer. Analyze your algorithm.

Isthealgorithm obtained in problem 4.16 cost optimal ? If not, apply thesame idea used in
procedure MERGE SPLIT to obtain a cost-optimal agorithm.

Usetheresults of problems 3.12 and 3.13 to obtain an algorithm for bitonic sorting on an
m x m mesh-connected SIMD computer. Analyze your agorithm.

Repeat problem 4.17 for the algorithm in problem 4.18.

The algorithm in problem 4.16 returns a sequence sorted in row-major order. Another
indexing that may sometimes be desirable is known as snakelike row-major order: Theith
element residesin row j and column k, where

. [jm*Tkt1 forjeven,
i=
im+ m—k forj odd.

Thisisillustrated in Fig. 4.10for n = 16. Show that after a sequence has been sorted into
row-major order, its elements may be rearranged into snakelike row-major order in
2(n'’? — 1) routing steps.

Another indexing for sequencessorted on two-dimensional arraysisthe shuffled row-major
order.Letelementi,1 < i < n,resideinrow j and column k in arow-major ordering. If i' is
theinteger obtained by applying a perfect shuffleto the bitsin the binary representation of
i — 1, then element i' *+ 1 occupies position (j, k) in a shuffled row-major indexing. Thisis

INPUT o o OUTPUT
— P 2 P3 Ps ——

Figure49 Cost-optimal sorting on linear array for case of sequential input.
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Figure 410 Snakelike row-mgjor order.

illustrated in Fig. 4.11 for n= 16. Show that if n elements have already been sorted
according to row-major order and if each processor can store n'/? elements, then the n
elements can be sorted into shuffled row-major order using an additional 4(n'/2 — 1)
routing steps.

A variant of the mesh interconnection network that usesa bus was introduced in problem
2.10. Repeat problem 4.15 for this model.

Design a parallel algorithm for sorting on the model of problem 2.10.

Design an algorithm for sorting on a tree-connected SIM D computer. The input sequence
isinitially distributed among the leaves of the tree. Analyze the running time, number of
processors used, and cost of your algorithm.

Repeat problem 4.24 for the case where the sequence to be sorted is presented to the root.

Derivealower bound for sorting a sequenceof length n on the pyramid machinedefined in
problem 3.16.

Design an algorithm for sorting on the pyramid machine.

Show that any parallel algorithm that uses a cube-connected SIMD computer with N
processors to sort a sequence of length n, where N = n, requires Q(log N ) time.
Implement theidea of sorting by enumeration on a cube-connected SI M D computer and
analyze the running time of your implementation.

Show that any parallel algorithm that uses the perfect shuffle interconnection network
with N processors to sort a sequence of length n, where N = 2™ = n, requires Q(log N)
time.

Consider a CRCW SM SIM D computer where write conflictsare resolved asfollows: The
write operation isallowed if and only if all processors writing simultaneously in the same
memory location are attempting to store the same value. Describe an algorithm for this

11 |12 {15 | 16

Figure411 Shuffled row-major order.
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model that can determine the minimum of n numbers {x,,X,, ..., X} in constant time
using n? processors. If more than one of the numbers qualify, the one with the smallest
subscript should be returned.

4.32 Show how procedure CRCW SORT can be modified to run on an EREW model and
analyze its running time.

4.33 Show that procedure CREW SORT can be simulated on an EREW computer in
O([(n/N) * log?n]log n) time if a way can be found to distinguish between simple read
operations and multiple-read operations, as in problem 3.20.

4.34 In procedure EREW SORT, why are steps 5 and 6 not executed simultaneously?

435 Derive an agorithm for sorting by enumeration on the EREW model. The algorithm
should use n'** processors, where k is an arbitrary integer, and run in Ok log n) time.

436 Let the elements of the sequence S to be sorted belong to the set {0,1,...,m — 1). A
sorting agorithm known as sorting by bucketing first distributes the elements among a
number of bucketsthat are then sorted individually. Show that sortingcan be completed in
O(log n) time on the EREW model using n processors and O(mn) memory locations.

4.37 The amount of memory required for bucketing in problem 4.36 can be reduced when the
elements to be sorted are binary strings in the interval [0,2° — 1] for some b The
agorithm consistsof biterations. Duringiterationi,i=0,1, ...,b— 1, each elementto be
sorted is placed in one of two buckets depending on whether its ith bit is 0 or 1; the
sequenceis then reconstructed using procedure ALLSUMS so that al elementswith a 0
ith bit precede al the elements with a 1 ith bit. Show that in this case sorting can be
completed in O(blog n) time using O(n) processors and O(n) memory locations.

4.38 Assume that an interconnection network SIMD computer with » processors can sort a
sequence of length nin O(f (n)) time. Show that this network can simulate an algorithm
requiring time T on an EREW SM SIMD computer with n memory locations and n
processors in O(Tf(n)) time.

4.39 Design an asynchronousalgorithm for sorting a sequenceof length n by enumeration on a
multiprocessor computer with N processors.

440 Adapt procedure QUICKSORT to run on the model of problem 4.39.

4.8 BIBLIOGRAPHICAL REMARKS

An extensivetreatment of parallel sorting isprovided in [Akl 2]. Taxonomies of parallel sorting
algorithms can be found in [Bitton] and [Lakshmivarahan]. The odd—even sorting network
was first presented in [Batcher]. Other sorting networks are proposed in [Leg], [Miranker],
[Tseng], [Window], and[Wong]. The theoretically fastest possible network for sorting using
O(n) processors is described in [Leighton] based on ideas appearing in [Ajtai]: It sorts a
sequence of length n in O(log n) time and is therefore cost optimal. However, the asymptotic
expression for the running time of this network hides an enormous constant, which makes it
infeasible in practice.

Procedure ODD-EVEN TRANSPOSITION is attributed to [Demuth]. The idea on
which procedure MERGE SPLIT is based comesfrom [Baudet]. Other algorithms for sorting
on alinear array are describedin[Akl 1],[Todd], and [Yasuurg]. Parallel sorting algorithms
for a variety of interconnection-network SIMD computers have been proposed. These include
agorithms for the perfect shuffle ((Stone]), the mesh ([Kumar], [Nassimi 1], and [ Thompson]),
the tree ([Bentley], [Horowitz 2], and [Orengtein]), the pyramid ([Stout]), and the cube
([Nassimi 2]).




Merging

3.1 INTRODUCTION

We mentioned in chapter 2 that selection belongs to a class of problems known as
comparison problems. The second such problem to be studied in this book is that of
merging. It is defined as follows: Let A = (a,, a, ...,a,) and B= (b, b,, ..., b} be
two sequencesof numberssorted in nondecreasing order; itisrequired to merge A and
B, that is, toform athird sequence C = {¢;, c,,...,¢,+,}, SO sorted in nondecreasing
order, such that each ¢; in C belongsto either A or B and each a; and each b; appears
exactly once in C. In computer science, merging arises in a variety of contexts
including database applications in particular and file management in general. Many
of these applications, o course, involve the merging of nonnumeric data.
Furthermore, it is often necessary once the merging is complete to delete duplicate
entries from the resulting sequence. A typical example is the merging of two mailing
lists each sorted alphabetically. These variants offer no new insights and can be
handled quite easily once the basic problem stated above has been solved.

Merging is very wdl understood in the sequential model of computation and a
simple algorithm exists for its solution. In the worst case, when r = s = n, say, the
algorithm runsin O(n) time. This is optimal since every element of A and B must be
examined at least once, thus making (n) steps necessary in order to merge. Our
purpose in this chapter is to show how the problem can be solved on a variety of
paralel computational models. In view of the lower bound just stated, it should be
noted that Q(n/N) time is needed by any parallel merging algorithm that uses N
processors.

We beginin section 32 by describing a special-purpose parallel architecturefor
merging. A parallel algorithm for the CREW SM SIMD model is presented in section
3.3 that is adaptive and cost optimal. Since the algorithm invokes a sequential
procedure for merging, that procedureis also described in section 3.3. It is shown in
section 34 how the concurrent-read operations can be removed from the parallel
algorithm of section 3.3 by simulatingit on an EREW computer. Finally,,an adaptive
and optimal algorithm for the EREW SM SIMD mode is presented in section 35
whose running timeissmaller than that of thesimulationin section 34. The algorithm
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is based on a sequential procedure for finding the median o two sorted seguences,
also described in section 3.5.

3.2 ANETWORK FOR MERGING

In chapter 1 we saw that special-purpose parallel architectures can be obtained in any
one of the following ways:

(i) using specialized processors together with a conventional interconnection

network,
(ii) using a custom-designed interconnection network to link standard processors,
or

(iii) using a combination of (i) and (ii).

In this section we shall take the third of these approaches. Merging will be
accomplished by a collection of very simple processors communicating through a
special-purpose network. This special-purpose paralée architecture is known as an
(r, s)-merging network. All the processors to be used are identical and are called
comparators. Asillustrated by Fig. 3.1, acomparator receivestwo inputsand produces
two outputs. The only operation a comparator iscapable of performing isto compare
the values of itstwo inputs and then place thesmaller and larger of the two on itstop
and bottom output lines, respectively.

Using these comparators, we proceed to build a network that takes asinput the
two sorted sequences A = {a,,4,,...,4,} and B={b,, b,,..., b} and produces as
output a single sorted sequence C ={c,, ¢;,...,¢,+,}. Thefollowing presentation is
greatly smplified by making two assumptions:

1. the two input sequences are of the same size, that is, r =s=n3x 1, and
2. nisa power of 2.

We begin by considering merging networksfor the first three values of n. When
n =1, a single comparator clearly suffices: It produces as output its two inputs in

X — > SMALLER OF X AND Y

Y LARGER OF X AND Y

Figure31 Comparator.
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sorted order. When n = 2, the two sequences A ={a, a} and B={b, b,} are
correctly merged by the network in Fig. 3.2. This is easily verified. Processor P,
compares the smallest element of A to the smallest element of B. Its top output must
be the smallest element in C, that is, ¢, . Similarly, the bottom output of P, must bec,.
Oneadditional comparisonis performed by P, to produce the two middle elements of
C. When n = 4, we can use two copies of the network in Fig. 32 followed by three
comparators, as shown in Fig. 33 for A= {3,5,7,9} and B = {2,4,6,8}.

In general, an (n, n)-merging network is obtained by the following recursive
construction. First, the odd-numbered elements of A and B, that s
{a,a, a, ...,a,_1}and{b,, b3, bs,...,b,_}, aremerged using an(n/2, n/2)-merging
network to produce a sequence {d,,d,,ds,...,d,}. Simultaneously, the even-
numbered elements of the two sequences, {a, a, a, ...,a} and {b,, by, bg,..., b},
are aso merged using an (n/2,n/2)-merging network to produce a sequence
{e1, ez, €3,...,¢,}. Thefina sequence {c,,c,,...,c,,} IS NOW Obtained from

¢y =dy, cy=e, Cz=min(d;+,¢e) and Cai+y = max(d;, 1, €)

for i=1,2,...,n—1

Thefinal comparisonsare accomplished by arank of n — 1 comparators asillustrated
in Fig. 34. Note that each of the (n/2, n/2)-merging networks is constructed by
applying the same rule recursively, that is, by using two (n/4, n/4)-merging networks
followed by a rank of (n/2) — 1 comparators.

The merging network in Fig. 3.4 is based on a method known as odd-even
merging. That this method works in general is shown as follows. First note that
d, = min(a,, b;) and e, = max(a,, b), which means that ¢; and ¢,, are computed
properly. Now observe that in the sequence {d,,d,,...,d,}, i elements are smaller
than or equal to d;,,. Each of these is an odd-numbered element of either A or B.
Therefore, 2i elementsof A and B are smaller than or equal to d;. . In other words,

a1 (;1
Py
)
P -
3
— C3
by
P
: 2
by Cy

Figure 3.2 Merging two sequences of two elements each.
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Figure3.3 Merging two sequences of four elements each.

diyy = ¢y Similarly, e; = ¢,;. On the other hand, in the sequence {c¢;, ¢5, ..., ¢4}, 2i
elements from A and B are smaller than or equal to ¢y;4+ 4. This means that c,;., is
larger than or equal to (i + 1) odd-numbered elements belonging to either A or B. In
other words, ¢y;+y = dirq. Similarly, ;44 > €. SiNce ¢y; < €541, the preceding
inequalitiesimply that ¢,; = min(d;, , €;), and ¢,;+; = max(d; . ,, e;), thus establishing
the correctness of odd-even merging.

Analysis. Our analysis of odd-even merging will concentrate on the time,
number of processors, and total number of operations required to merge.

(i) Running Time. We begin by assuming that a comparator can read its
input, perform a comparison, and produce its output al in one time unit. Now; let
t(2n) denote the time required by an (n,n)-merging network to merge two segquences o
length n each. The recursive nature of such a network yields the following recurrence
for t(2n):

t(2)=1 forn=1 (seeFig. 3.1),
t2n)=tm)+1 forn>1 (seeFig.34),

whose solution is easily seen to be ¢(2n) = 1+ logn. This is significantly faster than
the best, namely, O(n), running time achievable on a sequential computer.

(ii) Number of Processors. Here we areinterested in counting the number of
comparators required to odd—even merge. Let p(2n) denote the number of cornpara-


Rahman
Highlight


Sec. 3.2 A Network for Merging

a, % — %
a d ¢
2 /——' 2 » » 2
3 \ d3 ——= C3
a, .
- L ]
. (2, n2) -
. ° ., C
MERGING d,q 4
a.. i+
2i-1 NETWORK F—— %
A °
[ ]
.
L] [ ]
. -
d
n
an
.
L]
b, S [ S
b, e, | —=  Cyp;
b3 - ———> C2j,1
by _/
B2i-1

NETWORK .

L]
("2, W2) - . .
MERGING e

i

Figure34 Odd-even merging.

tors in an (n, n)-merging network. Again, we have a recurrence:
r2)=1 forn=1 (seeFig. 3.1),
p2n)=2pm)+ (n—-1) forn>1 (seeFig. 3.4),
whose solution p(2n) =1+ n log nis also straightforward.

(iii) Cost. Since t(2n)=1*logn and p(2n) =1+ nlogn, the total number
of comparisons performed by an (n, n)-merging network, that is, the network's cost, is

c¢(2n) = p(2n) x t(2n)
= O(nlog?n).

Our network is therefore not cost optimal as it performs more operations than the

O(n) sufficient to merge sequentially.

—> Car
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Discussion. In this section we presented an example of a special-purpose
architecture for merging. These merging networks, as we caled them, have the
following interesting property: The sequence of comparisons they perform is fixed in
advance. Regardlessof theinput, the network will always perform the same number of
comparisonsin a predetermined order. Thisiswhy such networks are sometimes said
to be oblivious of their input.

Our analysis showed that the (n, n)-merging network studied is extremely fast,
especialy when compared with the best possible sequential merging algorithm. For
example, it can merge two sequences of length 22° elements each in twenty-one steps;
the same result would require more than two million steps on a sequential computer.
Unfortunately, such speed is achieved by using an unreasonable number of pro-
cessors. Again, for n = 22°, our (n, n)-merging network would consist of over twenty
million comparators! In addition, the architecture of the network is highly irregular,
and the wires linking the comparators have lengths that vary with n. This suggests
that, although theoretically appealing, merging networks would be impractical for
large values o n.

3.3 MERGING ON THE CREW MODEL

Our study of odd-even merging identified a problem associated with merging
networks in general, namely, their inflexibility. A fixed number of comparators are
assembled in afixed configuration to merge sequences of fixed size. Although this may
prove adequate for some applications, it is desirable in general to have a paralel
algorithm that adapts to the number of available processors on the parallel computer
at hand. This section describes one such algorithm. In addition to being adaptive, the
algorithm is also cost optimal: Its running time multiplied by the number of
processors used equals, to within a constant multiplicativefactor, the lower bound on
the number of operations required to merge. The algorithm runs on the CREW SM
SIMD model. It assumes the existence, and makes use of, a sequential procedure for
merging two sorted sequences. We therefore begin by presenting this procedure.

3.3.1 Sequential Merging

Two sequences of numbers A={a, a, ...,a} and B = {b;,b,,...,b,} sorted in
nondecreasing order are given. It is required to merge A and B to form a third
sequence C, also sorted in nondecreasing order. The merging process is to be
performed by a single processor. This can be done by the following algorithm. Two
pointers are used, one for each sequence. Initialy, the pointers are positioned at
elements a, and b, respectively. The smaller of a, and b, isassigned to ¢,, and the
pointer to the sequence from which ¢, cameis advanced one position. Again, the two
elements pointed to are compared: The smaller becomes ¢, and the pointer to it is
advanced. This continues until one of the two input sequences is exhausted; the
elementsleft over in the other sequence are now copied in C. Theagorithm isgivenin
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what follows as procedure SEQUENTIAL MERGE. Its description is greatly
simplified by assuming the existence of two fictional elements q, . , and b, ,, both of
which are equal to infinity.

procedure SEQUENTIAL MERGE (A, B, C)

Stepl: (11)ie1
(12)j« 1.

Step 2 for k=1 tor+sdo
if a;<b; then () ¢, «a
@i tit1
ese (i) e b;
() j—j+1
end if
end for. O

The procedure takes sequences A and B as input and returns sequence C as
output. Since each comparison leads to one element of C being defined, there are
exactly r + s such comparisons, and in the worst case, when r =s = n, say, the
algorithm runsin O(n) time. In view of the €(n) lower bound on merging derived in
section 3.1, procedure SEQUENTIAL MERGE is optimal.

3.3.2 Parallel Merging

A CREW SM SIMD computer consistsof N processors Py, P,,...,Py. Itisrequired
to design a parallel agorithm for thiscomputer that takes the two sequences A and B
asinput and produces the sequence C as output, as defined earlier. Without loss of
generality, we assumethat r < s

Itisdesired that the parallel algorithm satisfy the properties stated in section 2.4,

namely, that

(i) the number of processors used by the algorithm be sublinear and adaptive,
(i) the running time of the algorithm be adaptive and significantly smaller than the
best sequential algorithm, and
(iii) the cost be optimal.

We now describe an algorithm that satisfies these properties. It uses N
processorswhere N < r and in the worst casewhenr = s = nrunsin O((n/N) + log n)
time. The algorithm is therefore cost optimal for N < n/log n. In addition to the basic
arithmetic and logic functions usually available, each of the N processors is assumed
capable of performing the following two sequential procedures:

1. Procedure SEQUENTIAL MERGE described in section 3.3.1.
2 Procedure BINARY SEARCH described in what follows. The procedure
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takes as input a sequence S= {sy,s,,...,5,; of numbers sorted in nondecreasing
order and a number x. If x belongs to S, the procedure returns the index k o an
element s, in S such that x =s,. Otherwise, the procedure returns a zero. Binary
search is based on the divide-and-conquer principle. At each stage, a comparison is
performed between x and an element of S Either the two areequal and the procedure
terminates or half of the elements of the sequence under consideration are discarded.
The processcontinues until the number of elementsleft isO or 1, and after at most one
additional comparison the procedure terminates.

procedure BINARY SEARCH (S, x, k)

Step1: (1.1) i1
(1.2) hen
(1.3) k0.

Step2: whilei<h do
(2.1) meL(it+hy2]
(2.2)if x=s,, then (i) km

(i) iht1
deeif x<s,, then h=m _1
eseiem+1
end if
end if
end while O

Since the number of elements under consideration is reduced by one-half at each step,
the procedure requires O(log n) time in the worst case.

We are now ready to describe our first parallel merging algorithm for a shared-
memory computer. The algorithm is presented as procedure CREW MERGE.

procedure CREW MERGE (A, B, C)

Step 11 {Sdect N — 1 dements o A that subdivide that sequenceinto N subsequences d
approximately the same size. Cdl the subsequenceformed by these N — 1 dements
A'. AsubsequenceB' of N — 1 dementsd B ischosen smilarly. Thisstepisexecuted
as fallows)
for i=1toN—1doin paralld
Processor P; determinesa; and b; from
(1.1) aj«agm
(1.2) bj« bl‘[s/N]

end for.

Step2 {Merge A and B' intoasequenced triplesV=1{o, v,,...,v,y_,}, Whereeech triple
consstsdf an dement of A' or B' followed by itspositionin A' or B' followed by the
name d its sequence d origin, that is, A or B. Thisis done as follows}

(2.1)for i=1toN —1doin paralld
{i) Processor P; uses BINARY SEARCH on B' to find the smdlest j such
that a; <b;
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(i) if j exigts then v,y ;-1 +(ai, i, A)
esev,y-1-(a; i, A)
end if
end for
(22) for i=1 toN-1doin parald
(i) Processor P; usss BINARY SEARCH on A' to find the smallest j Such
that b; <a;
(i) if j exigsthen v;+;_,«(b;, i, B)
ese v,y (b, i, B)
end if
end for.

Step 3  {Each processor merges and insertsinto C the eementsd two subsequences, one
from A and onefrom B. Theindicesdf the two elements (onein A and onein B) at
which each processor is to begin merging arefirst computed and stored in an array
Q o ordered pairs. This step is executed as follows))

(3.1) g(1)(1, 1)
(32) for i=2to N doin paralld
if vy;-2=(a, Kk, A) then processor P;
(i) uses BINARY SEARCH on B to find the smalest j such that b;> a;
(i) QW)«(k[r/NT, )
€else processor P;
(i) uses BINARY SEARCH on A to find the smallest j such thet a;> b,
(ii) QU)«—(J; k[s/NT)
end if
end for
(33) fori=1toNdoin paralld
Processor P, usss SEQUENTIAL MERGE and @(i)=(x, y) to merge
two subseguencesone beginning at a and the other at b, and placesthe
result d the merge in array C beginning at position x Ty — 1. The
merge continues urtil
(i) an dement larger than or equal to the firs component of vy; is
encountered in eech d A and B (Wheni <N -1)
(i) no dements areleftin either A or B (wheni=N)
end for. O

Before analyzing the running time of the algorithm, we make the following two
observations:

(i) In general instances, an element a; d A is compared to an element b; of B to
determinewhichissmaller; if it turnsout that a; = b;, then the algorithm decides
arbitrarily that a; is smaller.

(ii) Concurrent-read operations are performed whenever procedure BINARY
SEARCH isinvoked, namely, in steps 2.1, 2.2, and 3.2. Indeed, in each of these
instances several processors are executing a binary search over the same
sequence.
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Analysis. A step-by-step analysis of CREW MERGE follows:

Step 1. With all processors operating in parallel, each processor computes two
subscripts. Therefore this step requires constant time.

Step 2: Thisstep consists of two applications of procedure BINARY SEARCH
to a sequence of length N — 1, each followed by an assignment statement. This
takes O(log N) time.
Step 3: Step 3.1 consistsdf a constant-time assignment, and step 3.2 requires at
most O(log s) time. To analyze step 3.3, we first observe that V contains 2N — 2
elements that divide C into 2N — 1 subsequences with maximum size equal to
(T'r/NT + [s/N7). This maximum size occursif, for example, one element q; of A
equals an element b; of B; then the [r/N elements smaller than or equal to a;
(and larger than or equal to a;_;) are also smaller than or equal to b, and
similarly, the [s/N elements smaller than or equal to b; (and larger than or
equal to b;_,) are also smaller than or equal to a;. In step 3 each processor
creates two such subsequences of C whose total sizeis therefore no larger than
2A[r/N1+ [s/N7), except P, which creates only one subseguence of C. It
follows that procedure SEQUENTIAL MERGE takes at most O((r + s)/N)
time.

Intheworst case, r = s = n,and sincen = N, thealgorithm's running time
is dominated by the time required by step 3. Thus

t(2n) = O((n/N) *+ logn).

Since p(2n) = N, ¢(2n) = p(2n) x t(2n) = O(n* N logn), and the algorithm is
cost optimal when N < n/logn.

Example 3.1

Assume that a CREW SM SIM D computer with N = 4 processorsisavailable and it is
required to mergeA = {2, 3,4,6,11,12,13,15.16,20,22,24} and B = {1,5,7,8,9, 10, 14,
17, 18, 19, 21, 23}, that is, r =s = 12.

The two subsequences A' = {4, 12, 16) and B’ = {7, 10, 18) arefound instep 1 and
then merged in step 2 to obtain

V=1{41,4),(7,1,B), (10, 2, B), (12, 2, A), (16, 3, A), (18, 3, B)}.

In steps 3.1 and 32, (1) =(1, 1), Q(2)= (5, 3), Q(3) = (6, 7), and Q(4) = (10, 9) are
determined. In step 3.3 processor P, begins at elementsa, = 2and b, = 1 and merges all
elementsof A and B smaller than 7, thus creating the subsequence {1, 2, 3, 4, 5, 6} of C.
Similarly, processor P, begins at a, = 11 and b; = 7 and merges all elements smaller
than 12, thus creating {7, 8, 9, 10, 11). Processor P, beginsat a, = 12 and b, = 14 and
creates {12, 13, 14, 15, 16, 17). Finally P, beginsat a,, = 20and b, = 18 and creates {18,
19, 20, 21, 22, 23, 24}. The resulting sequence C is therefore {1, 2, 3,4, 5,6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24). The elements of A" and B' are shown
underlined in C.
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3.4 MERGING ON THE EREW MODEL

As we saw in the previous section, concurrent-read operations are performed at
severa places of procedure CREW MERGE. We now show how this procedure can
be adapted to run on an N-processor EREW SM SIM D computer that, by definition,
disalows any attempt by more than one processor to read from a memory location.
Theideadf the adaptationisquite smple: All we have to doisfind a way to simulate
multiple-read operations. Once such a simulation is found, it can be used by the
parallel merge algorithm (and in general by any agorithm with multiple-read
operations) to perform every read operation from the EREW memory. Of course, we
require the simulation to be efficient. Simply queuing all the requests to read from a
given memory location and serving them one after the other is surely inadequate: It
can increase the running time by afactor of N in the worst case. On the other hand,
using procedure BROADCAST of chapter 2 is inappropriate: A multiple-read
operation from a memory location may not necessarily involve al processors.
Typically, several arbitrary subsets of the set of processors attempt to gain access to
different locations, one location per subset. In chapter 1 we described a method for
performing the simulation in thisgeneral case. Thisis now presented moreformally as
procedure MULTIPLE BROADCAST in what follows.

Assume that an algorithm designed to run on a CREW SM SIMD computer
requiresa total of M locations of shared memory. In order to simulate this algorithm
on the EREW model with N processors, where N = 27 for g = 1, we increase the size
of the memory from M to M(2N — 1). Thus, each of the M locations is thought of as
the root of a binary tree with N leaves. Such a tree has q * 1 levels and a total of
2N — 1 nodes, as shown in Fig. 35 for N = 16. The nodes of the tree represent
consecutive locations in memory. Thusif location D isthe root, then itsleft and right
children are D + 1 and D + 2, respectively. In general, the left and right children of
D+ xaeD*2x+ 1and D+ 2x + 2, respectively.

Assumethat processor P; wishesat some point to read from somelocation d(i) in
memory. It places its request at location d(i) + (N — 1) + (i — 1), a lesf of the tree
rooted at d(i). Thisis done by initializing two variables local to P;:

1 level(i), which stores the current level of the tree reached by P/s request, is
initialized to O, and

2 loc(i), which stores the current node of the tree reached by P;s request, is
initialized to (N — 1) + (i — 1). Note that P; need only store the position in the
tree relative to d(i) that its request has reached and not the actual memory
location d(i) + (N — 1) + (i — 1).

The simulation consists of two stages. the ascent stage and the descent stage. During
the ascent stage, the processors proceed as follows: At each level a processor P;
occupying a left child isfirst given priority to advanceits request onelevel up thetree.
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It does so by marking the parent location with a special marker, say, [i]. It then
updatesits level and location. In this case, a request at the right child isimmobilized
for the remainder of the procedure. Otherwise (ie., if there was no processor
occupying the left child) a processor occupying the right child can now "clam™ the
parent location. This continues until at most two processors reach level (log N) — 1.
They each in turn read the value stored in the root, and the descent stage commences.
Thevaluejust read goesdown the tree of memory locations until every regquest to read
by a processor has been honored. Procedure MULTIPLE BROADCAST follows.

procedure MUL TIPLE BROADCAST (d(1), d(2), .. ., d(N))

Stepl: for i=1to N doin paralld
{P; initializeslevel(i) and loc(i)}
(1.2) level(i))«0
(12) loci) « N +i-2
(1.3) store[i] in location d(i) + loc(i)
end for.

Step2: for v=0to(log N)— 2do
(21) fori=1to N doin paralld
{P; at aleft child advances up its tree}
(21.1) x « [(loc(i) — 1)/2}
(2.1.2) if loc(i) isodd and level(i}=v
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then (i) loc(i) « x
(i) store[i] in location d(i) T loc(i)
(iii) level(i) « level(i) T 1
end if
end for
(22) for i=1to Ndoin paralld
{P; at aright child advances up its tree if possible}
if d(i) + x does not already contain a marker [j] for somel<j< N
then (i) loc(i) « X
(i) store[i] in location d(i) * loc(i)
(i) level(i) « level(i) +1
end if
end for
end for.

Step 3 for v = (log N) — 1 doan to 0 do
(31 for i=1to Ndoin paralld
{P; at a left child reads from its parent and then moves down the tree}
(3.1.1) x « |(loc(i) — 1)/2}
(312) y« (2 x loc(i)) + 1
(3.1.3) if loc(i) is odd and level(i) = v
then (i) read the contents of d(i) + x
(i) write the contents of d(i) + x in location
d(i) T loc(i)
(iii) level(i) « level(i) — 1
(iv) if location d(i) Ty contains [i]
then loc(i) <y
dseloc(i) «y T 1
end if
end if
end for
(32) for i=1to N doin paralld
{P; at aright child reads from its parent and then moves down the tree}
if loc(i) is even and leveli)=v
then (i) read the contents of d(i) T x
(i) write the contents of d(i) + x in location d(i) + loc(i)
(i) level(i) < level(i) — 1
(iv) if location d(i) +y contains[i]
then loc(i) « y
dseloc(i) -y T 1
end if
end if
end for
end for. [

Step 1 of the procedure consists of three constant-time operations. Each of the ascent
and descent stages in steps 2 and 3, respectively, requires O(log N ) time. The overall
running time of procedure MULTIPLE BROADCAST is therefore O(log N).
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Figure36 Memory contents after step 2 of procedure MUL TIPLE BROADCAST.

Example 3.2

Let N = 16 and assumethat at a given moment during theexecution o aCREW parallel
algorithm processors Py, P,, P, P, Pg, Py, P14, and P need to read a quantity Q
from a location D in memory. When simulating this multiple-read operation on an
EREW computer usng MULTIPLE BROADCAST, the processors place their requests
at the appropriateleavesd atreed locationsrooted at D during step 1, as shown in Fig.
3.5. Figure 3.6 shows the positionsd the various processors and the contentsd memory
locationsat the end o step 2. The contentsd the memory locations at theend o step 3
areshown in Fig.3.7. O

Note that:

1. The markers[i] are chosen so that they can be easily distinguished from data
values such as Q.

2. If during a multiple-read step of the CREW algorithm being simulated, a
processor P; does not wish to read from memory, then d(i) may be chosen
arbitrarily among the M memory locations used by the algorithm.

3. When the procedure terminates, the value of level(i) is negative and that of loc(i)
is out of bounds. These values are meaningless. This is of no consequence,
however, since level(i) and loc(i) are always initialized in step 1.

We are now ready to analyze the running time t¢(2n) of an adaptation of procedure
CREW MERGE for the EREW model. Since every read operation (simple or
multiple) issimulated using procedure MULTIPLE BROADCAST in O(log N) time,
the adapted procedure is at most Oflog N) times slower than procedure CREW
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Figure37 Memory contentsat end of procedure MULTIPLE BROADCAST.

MERGE, that is,
t(2n) = O(log N) x O(n/N * log n)
= O((n/N)log n + log?n).
The algorithm has a cost of
¢(2n) = O(n log nt N log?n)

which is not optimal. Furthermore, since procedure CREW MERGE uses O(n)
locations of shared memory, the storage requirements of its adaptation for the EREW
model are O(Nn). In the following section an algorithm for merging on the EREW
model is described that is cost optimal and uses only O(rn) shared-memory locations.

3.5 ABETTER ALGORITHM FOR THE EREW MODEL

We saw in the previous section how a direct simulation of the CREW merging
algorithm on the EREW model is not cost optimal. This is due to the logarithmic
factor awaysintroduced by procedure MULTIPLE BROADCAST. Clearly, in order
to match the performance of procedure CREW M ERGE, another approach is needed.
In this section we describe an adaptive and cost-optimal parallel algorithm for
merging on the EREW SM SIMD model of computation. The algorithm mergestwo
sorted sequences A = (a,, a,,...,8) and B = {b,, b,,..., b} into a single sequence
C={c1,€3-.-+Cr4s}. It USES N processors Py, P,,..., Py, wherel< N <r + 5 and,
in theworst casewhenr = s = n, runsin 0((n/N) + log N log n) time. A building block
of the algorithm is a sequential procedure for finding the median of two sorted
sequences. This procedure is presented in section 3.5.1. The merging algorithm itself is
the subject of section 3.5.2.
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3.5.1 Finding the Median of Two Sorted Sequences

I n this section we study a variant of the selection problem visited in chapter 2. Given
two sorted sequences A ={a,,a,, ...,a,} and B={b,, b, ...,b), wherer,s 2 1, let
A B denote the sequence o length m=r + s resulting from merging A and B It is
required to find the median, that is, the {m/2th element, of A B Without actually
forming A.B, the algorithm we are about to describe returns a pair (a,, b,) that satisfies
the following properties:

1 Either a, or b, isthe median of 4.B, that is, either a, or b, islarger than precisely
[m/2] — 1 elements and smaller than precisely | m/2} elements.
2 If a, isthe median, then b, iseither
(i) the largest element in B smaller than or equal to a, or
(ii) the smallest element in B larger than or equal to a,
Alternatively, if b, is the median, then a, is either
(i) the largest element in A smaller than or equal to b, or
(i) the smallest element in A larger than or equal to b,.
3. If more than one pair satisfies 1 and 2, then the algorithm returns the pair for
which x +y is smallest.

Weshall refer to(a,, b,) asthe median pair of A B. Thusx and y are theindicesd
the median pair. Note that a, isthe median of A.B if either

() a, >b,and x ty — 1 =[m/2] — L or
(i) a, <b,and m — (xty — 1)=Lm/2].

Otherwise b, is the median of A B.

Example 3.3

Le A={2 57 10) and B= {1, 4, 8,9) and observe that the medianf AB is5 and
beongs to A. There are two median pairs stisfying properties1 and 2

(i) & by) =1(5,4), where 4is the largest dement in B smdler than or equa to 5
(i) @ bs)=1(5,8), where 8 is the smdlest dement in B larger than or equa to 5.
The median pair is therefore (5,4). O

The agorithm, described in what follows as procedure TWO-SEQUENCE
MEDIAN, proceeds in stages. At the end of each stage, some elements are removed
from consideration from both A and B. We denote by n, and ny; the number of
elements of A and B, respectively, still under consideration at the beginning of a stage
and by w thesmaller of | n,/2] and | ng/2]. Each stageisasfollows. The mediansa and
b of theelements till under consideration in A and in B, respectively,are compared. If
a = b, then the largest (smallest) w elements of A(B) are removed from consideration.
Otherwise, that is, if a < b, then the smallest (largest) w elements of A(B) are removed
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from consideration. This processis repeated until there is only one element left still
under consideration in one or both of the two sequences. The median pair isthen
determined from a small set of candidate pairs. The procedure keeps track of the
elements still under consideration by using two pointers to each sequence: low, and
high, in A and low, and high, in B.

procedure TWO-SEQUENCE MEDIAN (A, B, x, y)

Step1: (11 low, ~1
(12) low, «1
(1.3) high, «r
(14) high, «s
15) ny<r
(1.6) ngp«<s

Step2 whilen >1andn > 1do
(2.1) u -« low, T [(high, — low, — 1)/2]
(2.2) v« low, T [(highg — low, — 1)/2]
(2.3) w < min([n,/2], Lng/2])
24 ny=n —w
(25) nge—ng—w
26) ifa, >h
then (i) high, « high, —w
(i) low, —low, *w
dse (i) low, «low, Tw
(ii) highg«highy—w
end if
end while.

Step 3 Return as x and y the indices of the pair from {a,_,, a, a, 1} X {by—1, b, bys1}
satisfying properties 1-3 of a median pair. []

Notethat procedure TWO-SEQUENCE MEDIAN returnstheindicesof the median
pair (a, b,) rather than the pair itself.

Example 34

Let A = {10, 11, 12, 13, 14, 15, 16, 17,18) and B= {3, 4, 5, 6, 7, 8, 19, 20, 21, 22}. The
following variables are initialized during step 1 of procedure TWO-SEQUENCE
MEDIAN: low, =low, =1, high, =n, =9, and high, = n = 10.

In the first iteration of step 2, u =v =5 w =min(4,5)=4, n,=5 and n =6.
Since a, > b, high, =low,= 5. In the second iteration, 4=3, v=7, w=min(2, 3)=2,
n =3 andn =4Sincea, < b, low, = 3and high, = 8. In the third iteration, u = 4,
v=6,w=min(1,2)=1,n,=2,and n =3 Sincea > bg, high, =4andlow, =6.In
the fourth and fina iteration of step 2, U=3 v=7, w=min(l,1)=1, n, =1, and
n =2 Sincea, <b,, low,=4and high, =7.

In step 3, two of the nine pairsin {11, 12, 13) x {8, 19, 20) satisfy the first two
properties of a median pair. These pairs are(a, be) = (13,8) and (a, b,) =(13,19). The
procedure thus returns (4, 6) as the indices of the median pair. [
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Analysis. Steps 1 and 3 require constant time. Each iteration o step 2
reduces the smaller of the two sequences by half. For constants ¢, and ¢, procedure
TWO-SEQUENCE MEDIAN thus requires ¢, T c,log(min{r,s}) time, which is
O(log n) in the worst case.

3.5.2 Fast Merging on the EREW Model

We now make use of procedure TWO-SEQUENCE MEDIAN to construct a parallel
merging algorithm for the EREW model. The algorithm, presented in what followsas
procedure EREW MERGE, has the following properties:

1. It requires a number of processors that issublinear in the size of the input and
adapts to the actual number of processors available on the EREW computer.

2. Its running time is small and varies inversely with the number of processors
used.

3. Itscost is optimal.

Given two sorted sequences A={a,, a,...,a,) and B={b;, b,,...,b), the
algorithm assumes theexistenceof N processors Py, P,, ..., P, where N isapower of
2and 1< N <r*s It merges A and B into a sorted sequence C = {€1,Cas v s Crys)
in two stages as follows:

Stage 1. Each o the two sequences A and B is partitioned into N (possibly
empty) subsequences A,, A,, ..., Ay and By, B,,..., B such that

(i) 14,1 F1Bil = (r + s)/N for 1<i <N and
(i) al elementsin 4;.B; are smaller than or equal to all elementsin 4,, ,.B;,,
for 1<i<N.

Stage 22 All pairs 4; and B;, 1 < i < N, are merged simultaneously and placed
in C.

The first stage can be implemented efficiently with the help of procedure TWO-
SEQUENCE MEDIAN. Stage 2 is carried out using procedure SEQUENTIAL
MERGE. In the following procedure A[i,j] is used to denote the subsegquence
{ai, a4 q,...,a;} of Aif i< j; otherwise A[i,]] is empty. We define B[j, j] similarly.

procedure EREW MERGE (A, B, C)

Step 1. (1.1) Processor P, obtains the quadruple (1, r, 1, 9)
(1.2) for j=1tolog N do
fori=1to2"! doin parald
Processor P, having recaived the quadruple(e, £, g, h)
(1.2.1) { Finds the median pair of two sequences)
TWO-SEQUENCE MEDIAN (A[e, 11, B{g, k1, X, ¥)
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(1.2.2) { Computes four pointers p,, p,, q,, and g, as follows}
if g isthe median

then (i) p, «x
(i) gy «xt1
(i) if by< a then(a) p,« y
(b) gy +1
dse(@) p,«y -1
(b) g2y
end if

else () p, <y
(i) g, <y T1
(i) if & < b, then(a) p, « X

() g =x+1
else(a) pye—x—1
(b) g, < x

end if
end if
(123) Communicates the quadruple (e, Py, g, P2) to Py,
(124) Communicates the quadruple(q;, f, 42, h) to Py;
end for
end for.

Step2 fori=1to N doin parallel
Processor P; having received the quadruple (a, b, ¢, d)
@D welt(i—-1xtsyN
(2.2) z < min{i(r T s)N, r T 9}
(23) SEQUENTIAL MERGE (A[aq, b, Blc, d], C[w, z])
endfor. [

It should be clear that at any time during the execution of the procedure the
subsequences on which processors are working are all disjoint. Hence, no concurrent-
read operation isever needed.

Example 35

LetA ={10,11,12,13,14,15,16,17,18}, B={3,4,5,6,7,8,19,20,21,22},and N =4

In step 1.1 processor P, receives(1, 9, 1, 10). During thefirst iteration of step 1.2
processor P, determinestheindicesof the median pair of A and B, namely, (4, 6). It keeps
(1,4, 1, 6) and communicates(s, 9, 7, 10) to P,. During the second iteration, P, computes
the indices of the median pair of A[1,4] = {10,11,12, 13} and B[1,6] = {3,4,5,6,7, 8},
namely, 1 and 5. Simultaneously, P, doesthe samewith A[5,9] = {14, 15, 16, 17, 18) and
B[7,10] = {19,20,21,22} and obtains 9 and 7. Processor P, keeps (1,0,1,5) and
communicates (1,4,6,6) to P,. Similarly, P, communicates (5,9,7,6) to P; and
(10,9, 7, 10) to P.

In step 2, processors P, to P, simultaneously create C[ 1, 19] as follows. Having
last received (1,0, 1, 5), P, computesw = 1 and z = 5 and copies B[1,5] = {3,4,5,6.7)}
into C[1, 5]. Smilarly, P,, havinglast received (1, 4, 6, 6), computesw = 6and z = 10and
merges A[1, 4] and B[6, 6] to obtain C{6, 10] = {8, 10, 11, 12, 13). Processor P3,
having last received (5, 9, 7, 6), computes w=11 and z=15 and copies
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A[5,9] = {14,15,16,17,18} into C[11, 15]. Finally P, having last received (10,9, 7, 10},
computes w = 16 and z = 19 and copies B{7, 10] = {19, 20,21, 22} into C[16,19]. O

Analysis. In order to analyze the time requirements of procedure EREW
MERGE, note that in step 1.1 processor P, reads from memory in constant time.
Duringthejth iteration of step 1.2, each processor involved hasto find the indices of
the median pair of (r +s)/2/~! elements. This is done using procedure TWO-
SEQUENCE MEDIAN in O(log[(r + s)/2¢~']) time, which is O(log(r T 9). The two
other operations in step 1.2 take constant time as they involve communications
among processors through theshared memory. Sincetherearelog N iterations of step
1.2, step 1 is completed in O(log N x log(r T 9)) time.

In step 2 each processor merges at most (r + s)/N elements. Thisisdone using
procedureSEQUENTIAL MERGEin O((r * s)/N) time. Together, steps 1 and 2 take
O((r + s)/N T 1ogN x log(r T 9) time. In the worst case, when r = s = n, the time
required by procedure EREW MERGE can be expressed as

t(2n) = O(n/N + log®n),

yielding a cost of ¢(2n) = O(n + Nlog?n). In view of the Q(n) lower bound on the
number of operations required to merge, this cost is optimal when N < n/log?n.

3.6 PROBLEMS

31 The odd-even merging network described in section 3.2 is just one example from a wide
class of merging networks. Show that, in general, any (r, s)}-merging network built o
comparators must require {log(r + )) time in order to completely merge two sorted
sequences of length r and s, respectively.

32 Show that, in general, any (r,s)}-merging network must require (slogr) comparators
whenr <s.

33 Usetheresultsin problems 31 and 32 to draw conclusionsabout the running time and
number o comparators needed by the (n, n) odd-even merging network of section 3.2,

34 The odd-even merging network described in section 32 requires the two input sequences
to be of equal length n. Modify that network so it becomes an (r, s)-merging network,
where r is not necessarily equal to s,

35 The sequence of comparisons in the odd-even merging network can be viewed as a
parallel algorithm. Describean implementation of that algorithm on an SIM D computer
where the processorsare connected to form alinear array. The two input sequencesto be
merged initially occupy processors P, to P, and P,,, to P, respectively. When the
agorithm terminates, P, should contain the ith smallest eement o the output segquence.

36 Repeat problem 35 for an m x m mesh-connected SIMD computer. Here the two
sequencesto be merged areinitialy horizontally adjacent, that is, one sequence occupies
the upper part of the mesh and the second the lower part, as shown in Fig. 3.8(a). The
output should be returned, asin Fig. 3.8(b), that is, in row-magjor order: The ith element
residesin row j and column k, where i =jm * k + 1 Note that for smplicity, only the
processors and their contents are shown in the figure, whereas the communications links
have been omitted.
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Fipe38 Maegingtwo horizonta sequenceson mesh-connected SIMD computer.

Repeat problem 3.6 for the case where the two input sequences are initially vertically
adjacent, that is, one sequence occupies the left part of the mesh and the second the right
part, as shown in Fig. 39. The result of the merge should appear asin Fig. 3.8(b).

A sequence{a, a, ...,a,,} issad to be bitonicif either
(i) thereisan integer 1 < j < 2n such that

QLA KaAG2a, 2 24,
or

(ii) the sequence does not initially satisfy condition (i) but can be shifted cyclically until
condition (i) is satisfied.

For example, {2, 5,8, 7, 6, 4, 3, 1} isa bitonic sequenceasit satisfiescondition (i).Similarly,
thesequence {2, 1, 3,5, 6, 7, 8, 4}, which does not satisfy condition (i), isalso bitonic asit
can be shifted cyclically to obtain {1, 3,5, 6, 7, 8, 4, 2}. Let {a,,4a,,...,a,} bea bitonic
sequenceand let d; = min{a;, a,,;} and e; = max{a;, a,} for 1 <i < n Show that

(@ {d,d;,...,d,} and {ey, e,,...,e,} are each bitonic and

(b) max{d,, d,...,d,} < min{e,, e,,...,¢e,}.

Two sequences A ={a,, a,,. ..,a} and B=(a,,, a,, -...&,} aregiven that when
concatenated form a bitonic sequence{ a,, &, ...,a,}. Use the two properties of bitonic
sequencesderived in problem 3.8 to design an (n, n)-merging network for merging A and B.

10|12 ] 8 | 11

15 116 | 13 | 14
Figure 29 Meging two verticd se-
[ I ] quences on  mesh-connected  SIMD

SEQUENCE1  SEQUENCE 2 computer.
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Analyze the running time and number of comparators required. How does your network
compare with odd—even merging in those respects?

Isit necessary for the bitonic merging network in problem 3.9 that the two input sequences
be of equal length?

The sequence of comparisonsin the bitonic merging network can be viewed as a parallel

algorithm. Repeat problem 35 for this algorithm.

Repeat problem 3.6 for the bitonic merging algorithm.

Repeat problem 3.7 for the bitonic merging algorithm.

Design an algorithm for merging on a tree-connected SIMD computer. The two input

seguences to be merged, of length r and s, respectively, areinitially distributed among the

leaves of the tree. Consider the two following situations:

(i) The tree has at least r + s leaves; initially leaves 1....,r store the first sequence and
leavesr + 1,....r + 5 store the second sequence, one element per ledf.

(i) The tree has fewer than r + s leaves; initially, each leaf stores a subsequence of the
input.

Analyze the running time and cost of your algorithm.

The running time analysis in problem 3.14 probably indicates that merging on the tree is

no faster than procedure SEQUENTIAL MERGE. Show how merging on the tree can be

more appealing than sequential merging when several pairs of sequences are queued for

merging.

Consider the following variant of a tree-connected SIMD computer. In addition to the

edges of the tree, two-way links connect processors at the same level (into a linear array),

asshown in Fig. 3.10 for a four-leaf tree computer. Assume that such a parallel computer,

known as a pyramid, has n _processors at the base storing two sorted sequences of total

length n, one element per processor. Show that Q(n/log n) is a lower bound on the time

reguired for merging on the pyramid.

Develop a parallel algorithm for merging two sequences of total length n on a pyramid

with n base processors. Analyze the running time of your algorithm.

APEX

BASE

Figure 310 Processor pyramid.
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Procedure CREW MERGE assumesthat N, the number of processorsavailableto merge
two sequences of length r and s, respectively, is smaller than or equal to r whenr <s
Modify the procedure so it can handle thecasewhenr < N < s

Modify procedure CREW MERGE to use N > s > r processors. Analyze the running
time and cost of the modified procedure.

Show that procedure CREW MERGE can be simulated on an EREW computer in
O((n/N) * log?n) time if away can befound to distinguish between simpleread operations
(each processor needs to gain access to a different memory location) and multiple-read
operations.

Establish the correctness of procedure TWO-SEQUENCE MEDIAN.

Modify procedure TWO-SEQUENCE MEDIAN so that given two sequencesA and B of
length r and s, respectively, and an integer 1< k <r +s, it returns the kth smallest
element of A.B. Show that the running time of the new procedure is the same as that of
procedure TWO-SEQUENCE MEDIAN.

Establish the correctness of procedure EREW MERGE.

Procedure EREW MERGE assumes that N, the humber of processors available, is a
power d 2. Can you modify the procedure for the case where N is not a power o 2?
Can the range of cost optimality of procedure EREW MERGE, namely, N < n/log®n, be
expanded to, say, N < n/flogn?

Can procedure EREW MERGE be modified (or a totally new agorithm for the EREW
model be developed) to match the O((n/N) * log n) running time of procedure CREW
MERGE?

Using the results in problems 1.6 and 1.10, show that an agorithm for an N-processor
EREW SM SIMD computer requiring O(N) locations of shared memory and time T can
be simulated on a cube-connected network with the same number of processorsin time
T X O(log?N).

Analyze the memory requirements of procedure EREW MERGE. Then, assuming that
N =r s, use the result in problem 3.27 to determine whether the procedure can be
simulated on a cube with N processorsin O(log*N) time.

Assumethat r * s processorsare available for merging two sequencesA and B of length
and s, respectively, into a sequence C. Now consider the following simpler variant of
procedure CREW MERGE.

fori=1tor*sdo in parallel
P, finds the ith smallest element of A.B (using the procedurein problem 3.22) and placesit
in_the ith position of C

end for.

Analyze the running time and cost of this procedure.

Adapt the procedure in problem 3.29for the case where N processorsare available, where
N < r *+s. Compare the running time and cost of the resulting procedure to those of
procedure CREW MERGE.

Develop a paralel merging algorithm for the CRCW model.

Show how each of the parallel merging algorithms studied in this chapter can lead to a
paralel sorting algorithm.
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Selection

2.1 INTRODUCTION

Our study of parallel algorithm design and analysis beginsby addressing thefollowing
problem: Given a sequence Sd n elements and an integer k, where1 < k< n, it is
required to determine the kth smallest element in S This is known as the selection
problem. It arisesin many applicationsin computer scienceand statistics. Our purpose
in this chapter is to present a paralel algorithm for solving this problem on the
shared-memory SIMD model. The algorithm will be designed to meet a number of
goals, and our anaysis will then confirm that these goals have indeed been met.

Westart in section 22 by defining the selection problem formally and deriving a
lower bound on the number of steps required for solving it on a sequential computer.
Thistrandates into a lower bound on the cost of any parallel algorithm for selection.
In section 2.3 an optimal sequential algorithm is presented. Our design goals are
stated in section 24 in the form of properties generaly desirable in any parallel
algorithm. Two procedures that will be often used in this book aredescribed in section
25. Section 2.6 contains the parallel selection algorithm and its analysis.

2.2 THE PROBLEM AND A LOWER BOUND
The problems studied in this and the next two chapters are intimately related and
belong to a family of problems known as comparison problems. These problems are
usually solved by comparing pairs of elements of an input sequence. In order to set the
stage for our presentation we need the following definitions.
2.2.1 Linear Order
The elements of a set 4 are said to satisfy a linear order < if and only if

(i) for any two elementsaand b of A, a<b,a=b,or b< a, and
(i) for any threeelementsa, bandcd A, ifa<band b<c,thena<c.

39
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Thesymbol < isto beread " precedes."” An example of a set satisfyingalinear order is
the set of all integers. Another example is the set of letters of the Latin alphabet. We
shall say that these sets are linearly ordered. Note that when the elements of A are
numbers, it is customary to use the symbol < to denote "'less than or equal to."

2.2.2 Rank

For a sequence S= {sy, s,...,5,; whose elements are drawn from a linearly ordered
set, the rank of an element s; of Sisdefined as the number of elementsin S preceding s;
plusl Thus, inS= {8, —3,2, —5, 6,0} the rank o 0 is 3. Note that if s; = s; then s;
precedes s; if and only if i <j.

2.2.3 Selection

A sequence S={s,, s,,...,s,} whose elements are drawn from a linearly ordered set
and an integer k, where 1 < k< n, are given. It is required to determine the element
with rank equal to k. Again,in S= {8, —3,2, —5,6,0} the element with rank 4is 2.
We shall denote the element with rank k by s,.

In the ensuing discussion, it is assumed without loss of generaity that Sis a
sequence of integers, as in the preceding example. Selection will therefore call for
finding the kth smallest element. We also introduce the following useful notation. For
areal number r, | r] denotes thelargest integer smaller than or equal tor (the"floor" of
N, while [#] denotes the smallest integer larger than or equal to r (the"ceiling” of r).
Thus 3.9 =3[3.11=4,and |3.0) =[3.01=3

2.2.4 Complexity

Three particular values d k in the definition of the selection problem immediately
come to one's mind: k=1, k =n, and k = [n/2]. In the first two cases we would be
looking for the smallest and largest elements of S, respectively. In the third case, sy,
would be the median of S that is, the element for which half of the elements of S are
smaller than (or equal to) it and the other haf larger (or equal). It seemsintuitive, at
least in the sequential mode of thinking and computing, that the first two cases are
easier to solve than when k = [n/2] or any other value. Indeed, fork =1 or k = n, all
one has to do is examine the sequence element by element, keeping track of the
smallest (or largest) element seen so far until the result is obtained. No such obvious
solution appears to work for 1< k< n

Evidently, if S were presented in sorted order, that is, S = {51, S2), - - - » S }> then
selection would be trivial: In one step we could obtain sg,. Of course, we do not
assume that thisis the case. Nor do we want to sort Sfirst and then pick the kth
element: This appears to be (and indeed is) a computationally far more demanding
task than we need (particularly for large values of n) since sorting would solve the
selection problem for all values of k, not just one.

Regardless of the value of k, one fact is certain: In order to determine the kth
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smallest element, we must examine each e ement of Sat least once. This establishes a
lower bound of Q(n) on the number of (sequential) steps required to solvethe problem.
From chapter 1, we know that this immediately impliesan Q(n) lower bound on the
cost of any parallel algorithm for selection.

2.3 A SEQUENTIAL ALGORITHM

In this section we study a sequential algorithm for the selection problem. There are
two reasonsfor our interest in a sequential algorithm. First, our parallel algorithm is
based on the sequential one and isa paralel implementation of it on an EREW SM
SIMD computer. Second, the parallel algorithm assumes the existence o the
sequential one and usesit as a procedure.

The algorithm presented in what follows in the form o procedure
SEQUENTIAL SELECT is recursive in nature. It uses the divide-and-conquer
approach to algorithm design. The sequence S and the integer k are the procedure's
initial input. At each stage of the recursion, a number of elements of S are discarded
from further consideration as candidates for being the kth smallest element. This
continues until the kth element is finaly determined. We denote by |S] the size of a
sequence S; thus initialy, |S| = n. Also, let Q be a small integer constant to be
determined later when analyzing the running time of the algorithm.

procedure  SEQUENTIAL SELECT (S K) [PRELIMINARY RESULTS]
Step1: if |S|<@Q then sort S and return the kth element directly

esesubdivide S into |S|/Q subsequencesdf Q elementseach (with up to Q—1
leftover elements)
end if.
Step 2 Sort each subsequence and determine its median.

Step3 Cal SEQUENTIAL SELECT recursively to find m the median of the |S|/Q
medians found in step 2.

Step4:  Create three subsequences Sy, Sa, and S, of elementsdf S smaller than, equal
to, and larger than m, respectively.

Step 5 if |§,|{=k then (the kth element of § must bein S,)
cal SEQUENTIAL SELECT recursively to find the kth element of §,
dseif |S,]+|S,] =k then return m
dsecal SEQUENTIAL SELECT recursively to find the (k--|S,1—|S,})th
element of S,
end if
endif. O

Note that the preceding statement of procedure SEQUENTIAL SELECT does not
specify how the kth smallest element of S is actually returned. One way to do this
would be to have an additional parameter, say, x, in the procedure's heading (besides
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S and k) and return the kth smallest element in x. Another way would be to smply
return the kth smallest as the first element of the sequence S.

Analysis. A step-by-step analysis of t(n), therunning time of SEQUENTIAL

SELECT, is now provided.

Step L Since Q is a constant, sorting S when |S] < Q takes constant time.
Otherwise, subdividing S requires c¢,n time for some constant c;.

Step 22 Since each of the [S|/Q subsequences consists of Q elements, it can be
sorted in constant time. Thus, c,n time is also needed for this step for some
constant c,.

Step 3 There are |§|/Q medians; hence the recursion takes t(n/Q) time.

Step 4: One passthrough ScreatesS,, S,, and S5 given m; therefore thisstep is
completed in ¢3n time for some constant c;.

Step 5. Since m is the median of |S|/Q elements, there are |S|/2Q elements larger
than or equal toit, asshown in Fig. 2.1.Each of the|S|/Q elements wasitsdf the
median of a set of Q elements, which meansthat it has @/2 elementslarger than
or equa to it. It follows that (|S|/2Q) x (Q/2) =|S|/4 elements of S are
guaranteed to be larger than or equal to m. Consequently, |8:{ < 3|S|/4. By a
similar reasoning, {S;| < 3|S|/4. A recursive cal in thisstep to SEQUENTIAL
SELECT therefore requires ¢(3n/4). From the preceding analysis we have

t(n) = cyn + t(n/Q) + t(3n/4), where ¢4 =c; + ¢, + ca.

The time has now come to specify Q. If we choose Q so that

Q ELEMENTS .
PER SUBSEQUENCE
IN SORTED

ORDER

L

n/Q + 3n/4 < n,

ln—-——— ISYQ SUBSEQUENCES ———-|

SMALLEST ELEMENT

m 'MEDIAN ELEMENT

| LARGEST ELEMENT

Figure21 Main idea behind procedure SEQUENTIAL SELECT.
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then the two recursive calls in the procedure are performed on ever-decreasing
sequences. Any value of Q = 5will do. Take Q =5, thus

t(n) = con T t(n/5) T t(3n/4).

This recurrence can be solved by assuming that
t(n) < csn for some constant c,.
Substituting, we get
t(n) < can T cs(n/S) T c5(3n/4)
= cen T c5(19n/20).

Finally, taking ¢, = 20c, yields

t(n) < ¢5(n/20) + ¢5(19n/20)

=cshn,

thus confirmingour assumption. I n other words, t(n) = O(n), which isoptimal in view
o the lower bound derived in section 2.24.

2.4 DESIRABLE PROPERTIES FOR PARALLEL ALGORITHMS

Before we embark in our study of a parald algorithm for the selection problem, it
may be worthwhile to set ourselves some design goals. A number o criteria were
describedin section 1.3for evaluating parallel algorithms. In light of thesecriteria, five
important properties that we desirea parallel algorithm to possess are now defined.

2.4.1 Number of Processors

Thefirst two propertiesconcern the number of processorsto be used by the algorithm.
Let n be the size of the problem to be solved:

(i) p(m) must be smaller than n.  No matter how inexpensive computers
become, it is unrealisticwhen designinga parallel algorithm to assume that we have at
our disposal more (or even as many) processors as there are items of data. Thisis
particularly true when nisvery large. It isthereforeimportant that p(n) be expressible
as a sublinear function of n, that is, p(n) =n*, 0 <x < 1.

(i) p{m) must beadaptive:  Incomputingin general, and in parallel computing
in particular, " appetite comes with eating.” The availability of additional computing
power always means that larger and more complex problemswill be attacked than
was possible before. Usersdf parallel computers will want to push their machines to
their limits and beyond. Even if one could afford to have as many processors as data
for a particular problem size, it may not be desirableto design an algorithm based on
that assumption: A larger problem would render the algorithm totally usdless.
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Algorithms using a number of processors that isa sublinear function of n[and hence
satisfying property (i)], such aslog n or n'/2, would not be acceptable either due to
their inflexibility. What we need are algorithms that possessthe"intelligence” to adapt
to the actual number of processors available on the computer being used.

2.4.2 Running Time

The next two properties concern the worst-case running time of the paralel agorithm:

(i) t(n) must besmall: Our primary motive for building parallel computers is
to speed up the computation process. It is therefore important that the parallel
algorithms we design befast. To be useful, a parallel algorithm should be significantly
faster than the best sequential algorithm for the problem at hand.

(i) ¢(m) must be adaptive: Idedlly, one hopes to have an algorithm whose
running time decreases as more processors are used. In practice, it is usually the case
that a limit is eventually reached beyond which no speedup is possible regardiess of
the number of processors used. Nevertheless, it is desirable that t(n) vary inversely
with p(n) within the bounds set for p(n).

2.4.3 Cost

Ultimately, we wish to have parallel algorithms for which ¢(n) = p(n) X t(n) dways
matches a known lower bound on the number of sequential operationsrequired in the
worst case to solve the problem. In other words, a parallel algorithm should be cost
optimal.

In subsequent chapters we shall see that meeting the preceding objectives is
usualy difficult and sometimesimpossible. In particular, when a set of processors are
linked by an interconnection network, the geometry of the network often imposes
l[imitson what can be accomplished by a parallel algorithm. It isa different story when
the algorithm is to run on a shared-memory paralel computer. Here, it is not at all
unreasonabletoinsist on these properties given how powerful and flexible the model
is.

In section 26 we describe a paralel algorithm for selecting the kth smallest
element of a sequence S= {sy,5,,...,s,}. The agorithm runs on an EREW SM
SIMD computer with N processors, where N < n. The algorithm enjoys al the
desirable properties formulated in this section:

(i) 1t usesp(n) = n!~* processors, where0 < X < 1. Thevalue df x isobtained from
N = n!~* Thus p(n) is sublinear and adaptive.

(i) It runsin t(n) = O(n*) time, where x depends on the number of processors
available on the parallel computer. The value of x isobtained in (i). Thus t(n) is
smaller than the running time of the optimal sequential algorithm described in
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section 2.3. It is also adaptive: The larger is p(n), the smaller is t(n), and vice
versa.

(i) It hasacost of c(n) = n* ~* x O(NX)= O(n), whichisoptimal in view o the lower
bound derived in section 2.2.4.

In closing this section we note that al rea quantities of the kind just described
(e.g., n' > and n*) should in practice be rounded to a convenient integer, according to
our assumption in chapter 1. When dealing with numbers o processorsand running
times, though, it isimportant that this rounding be done pessmi stical_l%. Thus, the real
ql-x representing the number of processors used by an algorithm should be
interpreted asn' "*}: Thisis to ensure that the resulting integer does not exceed the
actual number of processors. Conversaly, the real n* representing the worst-case
running time of an algorithm should beinterpreted as[n*]: Thisguaranteesthat the
resulting integer is not smaller than the true worst-case running time.

2.5 TWO USEFUL PROCEDURES

In the EREW SM SIMD model no two processors can gain access to the same
memory location simultaneously. However, two situations may arise in a typica
parallel agorithm:

(i) All processorsneed to read adatum held in a particular location d thecommon
memory.

(i) Each processor hasto compute a function of data held by other processorsand
therefore needs to receive these data.

Clearly, a way must be found to efficiently simulate these two operations that
cannot be performed in one step on the EREW modd. I n this section, we present two
procedures for performing these simulations. The two procedures are used by the
agorithm in this chapter as wel as by other parallel agorithms to be studied
subsequently. In what follows we assume that N processors Py, P,, ..., Py are
available on an EREW SM SIMD computer.

2.5.1 Broadcasting a Datum

Let D be a location in memory holding a datum that all N processors need at a
given moment during the execution of an algorithm. As mentioned in section 1.2.3.1,
thisisa specia case of the more general multiple-read situation and can be smulated
on an EREW computer by the broadcasting process described in example 14. We
now give this processformally as procedure BROADCAST. The procedure assumes
the presencedf an array A o length N in memory. The array isinitially empty and is
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used by the procedure as a working space to distribute the contents of D to the
processors. Its ith position is denoted by A().

procedure BROADCAST (B. N, &) | PRELIMINARY RESULTS |
Step 1: Processor P,
(i) reads thevaluein D,
(ii) stores it in its own memory, and
(iii) writesitin A(1).

Step2 for i=0to (log N—1)do
for j=2"+1to2'*tdoin paralle
Processor P;

(i) reads the value in A(j —2),
(i) storesit in its own memory, and
(iii) writesit in A(j).

end for

end for. O

The working of BROADCAST isillustrated in Fig. 22 for N=8and D=5.
When the procedure terminates, all processors have stored the value of D in their local
memoriesfor later use. Since the number of processors having read D doubles in each
iteration, the procedure terminates in O(log N) time. The memory requirement of
BROADCAST isan array of length N. Strictly speaking, an array of haf that length
will do sincein thelast iteration of the procedure all the processors have received the
value in D and need not write it back in A[see Fig. 2.2(d)]. BROADCAST can be
easily modified to prevent thisfinal write operation and hence usean array A of length
N/2.

Besides being generally useful in broadcasting data to processors during the
execution of an algorithm, procedure BROADCAST becomes particularly important
when starting an adaptive algorithm such as the one to be described in section 2.6.
Initially, each of the N processors knowsitsown index i, 1 < i < N, and the available
number of processors N. When a problem isto be solved, the problem size n must be
communicated to all processors. This can be done using procedure BROADCAST
before executing the algorithm. Each processor now computes x from N = n! =%, and
the algorithm is performed. Therefore, we shall assume henceforth that the parameter
x is known to al processors when an adaptive algorithm starts its computation.

2.5.2 Computing All Sums

Assume that each processor P; holdsin itslocal memory a number a,,1 < i < N. Itis
often useful to compute, for each P, thesum a, a3, *... + a. In example 1.5 an
algorithm wasdemonstrated for computing the sum of N numbersin O(log N) timeon
a tree-connected computer with O(N) processors. Clearly this algorithm can be
implemented on a shared-memory machine to compute the sum in the same amount
of time using the same number of processors. The question here is. Can the power
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Figure2.2 Distributing a datum to eight processorsusing procedure BROADCAST.

of the shared-memory model be exploited to compute all sums d the form
a,ta t...ta, 1<i<N, known as the prefix suns, using N processors in
O(log N) time? As it turns out, thisis indeed possible. The idea is to keep as many
processors busy as long as possible and exploit the associativity of the addition
operation. Procedure ALLSUMS given formaly in the following accomplishes
exactly that:

procecre ALLSUMS (a, a. ..., ) | PRELIMINARY RESULTS |

for j=0te log N—1do
for i=2/F+1to N doin parallel
Processor P;
(i) obtains a;_ ,, from P;_,, through shared memory and
(ii) replacesa; with a;_,, T a;.
end for
adfor. O

Theworking of ALLSUMS isillustrated in Fig. 2.3for N = 8 with 4;; referring to the
sum a; t a,,, ...+ a; When the procedure terminates, a; has been replaced by
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Figure23 Computing the prefix sums of eight numbers using procedure ALLSUMS
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a, ta, ..t inthelocal memory o P;, for 1 <i < N. The procedure requires
O(log N) time since the number of processorsthat have finished their computation
doubles at each stage.

It isimportant to note that procedure ALLSUMS can be modified to solveany
problem where the addition operation is replaced by any other associative binary
operation. Examples d such operations on numbers are multiplication, finding the
larger or smaller of two numbers, and so on. Other operations that apply toa pair of
logical quantities (or a pair of bits) areand, or, and xor. Variousaspectsd the problem
of computing the prefix sumsin parallel are discussed in detail in chapters 13 and 14.

2.6 AN ALGORITHM FOR PARALLEL SELECTION [PRELIMINARYRESULTSJ

We are now ready to study an algorithm for parald selection on an EREW SM
SIMD computer. The agorithm presented as procedure PARALLEL SELECT
makes the following assumptions (some o these were stated earlier):

1 Asequenced integersS={s,, s, ...,s,; and anintegerk, 1 < k < n, aregiven,
and it is required to determine the kth smallest dement of S Thisisthe initial
input to PARALLEL SELECT.

2 The parallel computer consists of N processors Py, P,, ..., Py.

3 Each processor has received n and computed x from N =n»'"% where
0<x<l1.

4 Each o then® ~* processorsiscapable of storing a sequenced n* elementsin its
loca memory.

5 Each processor can execute procedures SEQUENTIAL SELECT,
BROADCAST, and ALLSUMS.

6. M isan array in shared memory d length N whose ith position is M ().

procedure PARALLEL SELECT (S K)

Step1: if |S|<4 then P, uses at most five comparisons to return the kth element
ese
(i) S is subdivided into |§]'~* subsequences S; o length |S|* each, where
1<i<|S|I™* and
(i) subsequences; is assigned to processor P;.
end if.

Step 2 for i=1t0|S|*"*doin paralle
(22) {P, obtains the median m, i.., the [|S;|/2]th element, of its associated
subsequence)
SEQUENTIAL SELECT (S;, T1S:1/21)
(22) P, stores m;in M(i)
end for.
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Step 3 {The procedureis cdled recursvely to obtain the median m o M}
PARALLEL SELECT (M,TIM1/2)).
Sep 4 The sequence Sis subdivided into three subsequences:

L={s;€8:s,<m},
E={s;eS: s;=mj}, and
G={s;eS:5;>m}.

Step 5 if JL|=k then PARALLEL SELECT (L, k)
dseif |L|+|E|=k then return m
else PARALLEL SELECT (G, k—|L|—|EJ)
end if
endif. O

Note that the precise mechanism used by procedure PARALLEL SELECT to return
the kth smallest element of S is unspecifiedin the preceding statement. However, any
of the ways suggested in section 2.3 in connection with procedure SEQUENTIAL
SELECT can be used here.

Analysis. We have deliberately given a high-level description o
PARALLEL SELECT toavoid obscuring the main ideas of the algorithm. In order to
obtain an accurate analysis of the procedure's running time, however, various
implementation details must be specified. As usual, we denote by t(n) the timerequired
by PARALLEL SELECT for an input of size n A function describing t(n) is now
obtained by analyzing each step of the procedure.

Step 1: T o perform this step, each processor needs the beginning address A of
seguence Si n theshared memory, itssize|S|, and the value of k. These quantities
can be broadcast to al processors using procedure BROADCAST: Thisrequires
O(log n* ~®) time. If |S] < 4, then P, returns the kth element in constant time.
Otherwise, P, computes the address of the first and last elements in S; from
A+ (i — )n*and A + in* — 1, respectively; this can be done in constant time.
Thus, step 1 takes c,log n time units for some constant c,.

Step 22 SEQUENTIAL SELECT finds the median of a sequence of length n* in
c,n* time units for some constant c,.

Step 3: Since PARALLEL SELECT is called with a sequence of length n' =%,
this step requires t(n' =) time.

Step 4: The sequence S can be subdivided into L, E, and G asfollows:

(i) First m is broadcast to all the processors in O(logn!~*) time using
procedure BROADCAST.

(i) Each processor P; now splits S; into three subsequences L,, E;, and G, of
elements smaller than, equal to, and larger than m, respectively. This can
be done in time linear in the size of §;, that is, O(nN*) time.

(iii) The subsequences L, E;, and G; are now merged toform L, E, and G. We
show how this can be done for the L;; similar procedures with the same
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running time can be derived for merging the E; and G;, respectively. Let
a;=|L;|. Foreachi, 1< i <n'% thesum

is computed. All these sums can be obtained by n'~* processors in

O(log n* ~*) time using procedure ALLSUMS. Now let z, == 0. All pro-

cessorssimultaneously merge their L; subsequencesto form L: Processor

P; copies L; into L starting at positionz;_, * 1 Thiscan bedonein O(n%)

time.

Hence the time required by this step is c;n* for some constant c;.
Step 5 Thesizeof L needed in this step has already been obtained in step 4
through the computation of z,:--. The same remark appliesto the sizesof E and
G. Now we must determine how much timeistaken by each o the two recursive
steps. Since m is the median d M, n! ~*/2 elements o S are guaranteed to be
larger than it. Furthermore, every element o M is smaller than at least /2
dements o S Thus |L| < 3n/4. Similarly, |G| < 3n/4. Consequently, step 5
requires at most ¢(3n/4) time.

The preceding analysis yields the following recurrence for t(n):
t(n) = c,log n + cn™ + t(n' %) + c3n* + t(3n/4),
whose solution is ¢(n) = O(n*) for n> 4. Since p(n) = n* ~*, we have
c(n) = p(n) x t(n) = n' =¥ x On*) = O(n).

This cost is optimal in view o the Q(n) lower bound derived in section 22. Note,
however, that n* is asymptotically larger than lognfor any x. (Indeed we have used
thisfactin our analysisd PARALLEL SELECT.)SinceN = n' “*and n/n™ < n/logn,
it follows that PARALLEL SELECT iscost optimal provided N < n/log n

Example21

Thisexampleillustrates the working of PARALLEL SELECT. Let S= {3, 14, 16,20, 8
31,22,12,33,1, 4,9, 10, 5,13, 7, 24, 2, 14, 26, 18, 34, 36, 25, 14, 27, 32, 35, 33}, that is,
n= 29and let k = 21, that is, we need to determine the twenty-first element of S Assume
further that the EREW SM SIMD computer available consists of five processors,
(N = 5). Hence|S|' ~* = 5,implyingthat 1 — x = 0.47796. Theinput sequenceisinitially
in the shared memory as shown in Fig. 2.4(a). After step 1, each processor has been
assigned a subsequence of S. The first four processorsreceive six elementseach, and the
fifth recelves five, as in Fig. 2.4(b). Now each processor finds the median of its
subsequencein step 2 and placesit in ashared-memory array M; thisisillustrated in Fig.
2.4(c). When PARALLEL SELECT iscaled recursively in step 3, it returns the median
m = 14 of M. Thethree subsequencesof S namely, L, E, and G of elements smaller than,
equal to, and larger than 14, respectively, are formed in step 4, as shown in Fig. 2.4(d).
Since|L] = 11and |E] = 3, |Lj + |E| < k and PARALLEL SELECT iscalled recursively
in step 5with S= G and k = 21 — (11+ 3) = 7. Since |G| = 15, we use 15 ~* = 36485,
that is, three, processorsduring this recursive step.

Again in step 1, each processor is assigned five elements, as shown in Fig. 2.4{e).
ThesequenceM of mediansobtained in step 2isshown in Fig. 2.4(f). Themedianm = 26
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Figure24 Selecting twenty-first dement of a sequence using procedure PARALLEL SELECT.

of M isdetermined in step 3. The three subsequences L, E, and G created in step 4 are
illustrated in Fig. 2.4(g). Since |L| = 6 and |E| = 1, the only element of E, namely, 26, is
returned as the twenty-first element o theinput. [

We conclude this section with the following observation. In designing
PARALLEL SELECT,weadopted the approach of taking a sequential algorithm for
a problem and turning it into a paralld algorithm. We were quite successful in
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obtaining an algorithm for the EREW SM SIMD model that is fast, adaptive, and
cost optimal while using a number of processors that is sublinear in the size of the
input. Thereare problems however, for which this approach does not work that well.
In these cases a parallel algorithm (not based on any sequential algorithm) must be
derived by exploiting the inherent parallelism in the problem. We shall study such
algorithms in subsequent chapters. Taken to the extreme, this latter approach can
sometimes offer surprises: A parallel algorithm provides an insight that leads to an
improvement over the best existing sequential algorithm.

2.1
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23

24

25

26

2.7

28

29

2.7 PROBLEMS

In an interconnection-network SIM D computer, one of the N processors holds a datum
that it wishesto make known to al other processors. Show how this can be done on each
of the networks studied in chapter 1. Which of these networks accomplish this task in the
same order of time as required by procedure BROADCAST?

Consider an SIMD computer where the N processors are linked together by a perfect
shuffle interconnection network. Now assumethat the line connecting two processorscan
serve as a two-way link; in other words, if P; can send data to P; (using a perfect shuffle
link), then P; can aso send data back to P; (the latter link being referred to as a perfect
unshuffle connection). In addition, assumethat for i < N — 1, each P; islinked by a direct
one-way link to P, ,; call these the nearest-neighbor links. Each processor P; holds an
integer a,. It is desired that a; in P; be replaced witha, +a, *... * g; for al i. Can this
task be accomplished using the unshuffie and nearest-neighbor linksin the same order of
time as required by procedure ALLSUMS?

A parallel selection algorithm that uses O(n/log*n) processorsand runsin O(log®n) timefor
some 0 < s < 1 would befaster than PARALLEL SELECT sincelog*n isasymptotically
smaller than »n* for any x and s. Can you find such an agorithm?

If PARALLEL SELECT were to be implemented on a CREW SM SIMD computer,
would it run any faster?

Design and analyze a parallel algorithm for solving the selection problem on a CRCW SM
SIMD computer.

A tree-connected computer with nleavesstores oneinteger of asequenceS per leaf. For a
given k, 1 < k < n, design an algorithm that runs on this computer and selects the kth
smallest element of S

Repeat problem 2.6 for alinear array of n processorswith one element of S per processor.
Repeat problem 2.6 for an n'/? x n*"2 mesh of processors with one element of S per
processor.

Consider the following variant of the linear array interconnection network for SIMD
computers. In addition to the usual links connecting the processors, a further communi-
cation path known asa busisavailable, as shown in Fig. 25. At any given timeduring the
execution of an algorithm, precisely one of the processorsis allowed to broadcast one of
the input data to the other processors using the bus. All processors receive the datum
simultaneously. The time required by the broadcast operation is assumed to be constant.
Repeat problem 2.6 for this modified linear array.
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BUS

Figure25 Linear array with abus.

2.10 Modify the mesh interconnection network for SIMD machinesto includea busand repesat
problem 2.6 for the modified model.

2.11 Design an agorithm for solving the selection problem for the case k = 1 (i.e., finding the
smallest element of a sequence)on each of the following two models: (i) a mesh-connected
SIMD computer and (ii) the machinein problem 2.10.

212 A problem related to selectionis that of determining the k smallest elementsof asequence
S(inany order). On asequential computer thiscan bedone asfollows: First determinethe
kth smallest element (using SEQUENTIAL SEL ECT); then one pass through Ssufficesto
determinethek — 1 elementssmaller than k. The running time of thisalgorithm islinear in
thesizedf S Design aparallel algorithm to solvethis problem on your chosen submodel of
each of the following models and analyze its running time and cost: (i) shared-memory
SIMD, (ii) interconnection-network SIMD, and (iii) specialized architecture.

2.13 Modify procedure BROADCAST to obtain a formal statement of procedure STORE
described in section 1.2.3.1. Provide a different version of your procedure for each of the
write conflict resolution policies mentioned in chapter 1.

214 Insteps 1 and 2 of procedure SEQUENTIAL SELECT, a simple sequential algorithm is
required for sorting short sequences. Describe one such algorithm.

2.8 BIBLIOGRAPHICAL REMARKS

As mentioned in section 2.1, the problem of selection hasa number of applications in computer
science and statistics. In this book, for example, we invoke a procedure for selecting the kth
smallest out of n elementsin our development of algorithms for parallel merging (chapter 3),
sorting (chapter 4), and convex huil computation (chapter 11). An application toimage analysis
iscitedin[Chandran]. Instatistics, selectionisreferred to asthecomputation of order statistics.
In particular, computing the median element of a set of data is a standard procedure in
stetistical analysis. Theidea upon which procedure SEQUENTIAL SELECT is based wasfirst
proposed in [Blum]. Sequential algorithms for sorting short sequences, as required by that
procedure, can be found in [Knuth].

Procedures BROADCAST and ALLSUMS are adapted from [Akl 2]. Another way of
computing the prefix sums of n numbers is through a speciaized network of processors. One
such network is suggested by Fig. 2.3. It consists of logn rows of n processors each. The
processors are connected by the lines illustrating the flow of datain Fig. 2.3. The top row of
processors receivesthe n numbers asinput, and all the prefix sums are produced by the bottom
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